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FOREWORD

This booklet provides convenient access to formulas and other data that are
frequently used in mathematics courses. If a more comprehensive reference
is needed, see, for example, the STANDARD MATHEMATICAL TABLES
published by the Chemical Rubber Company, Cleveland, Ohio.

DIFFERENTIALS AND DERIVATIVES

. Letters u and v denote independent variables or functions of an independent
variable; letters a and n denote constants.

. To obtain a derivative, divide both members of the given formula for the
differential by du or by dz.

1. d(a)=0 2. d(au) =adu
3. dlu+v)=du+dv 4. d(uv) =udv+uvdu
U vdu —udv n n1
5. d(;) = _’02-— 6. d(u )=nu du,
7. d(e") = e"du 8. d(a*)=a"Inadu
du du
9. d(lnu) = o 10. d(log,u) = o
11. d(sinu) = cosudu 12. d(cosu) = —sinudu
13. d(tanwu) = sec’ udu 14. d(cotu) = —csc® udu
15. d(secu) =secutanudu 16. d(cscu) = — cscucot udu
du du
17. d(arcsinu) = 18. d(arccosu) = —
( U= — ( ) —
du .
19. d(arctanu) = T 20. d(sinhu) = coshudu
21. d(coshu) =sinhudu 22. d(arcsinhu) = du
u®+1
23. d(arccoshu) = du u>1
' S Vur -1

24. (Differentiation of Integrals) If f is continuous, then

/fdt (u) du

25. (Chain Rule) If y = f(u) and u = g(z), then
dy _dydu

dz  dudzs



INTEGRALS

A. Letters u and v denote functions of an independent variable such as z; letters
a, b, m, and n denote constants.

B. Generally, each formula gives only one antiderivative. To find an expression
for all antiderivatives, add a constant of integration.

ELEMENTARY FORMS

1. /adu =au
2. /af(u)du:a/f(u)du
3. [t +gw)du= [ fwau+ [ gw)du

4. / udv=uv— / vdu (Integration by parts)

un-i—l

N e o
Yol S
& Q.
ﬁ It e

5 Il
mﬁ E 3
+
—
3
S
by

)
—
2

[
Q.
e

If
|a
2
j=}
\Y
o

9. /cosudu =sinu
10. /sinudu: —Ccosu
11. ‘/sec2 uduy = tanu
12. /0502 udu = —cotu
13. /secutanudu =secu

14. /cscucotudu = —CSCU



15.

16.

17.

18.

19.

20.

21

22,

23.

24.

25.

26.

/tanudu= —In|cosu|
/cotudu: In | sin u]

/secudu = In|secu + tan u|

/cscudu =In|cscu — cotu|
du 1 U
T3 == arctan —
uc+a a a
du Lu
——— = arcsin —
A /a2 e u2 a

1 U
—arcsec—

/ du _
' uwu?—a2 a a

INTEGRALS INVOLVING au+b

1 (au + b)™*!
n JE— = s
/(au+b) du—a mIl " n# -1
du 1
/au+b_zln|au+b|

udu u b
/au+b—5_a_21n|au+b|
/ . . b +lln|au+b|
(au+b)?  a2(au+b) a2
/ du —lln U

u(au+b) b |au+b

27. /uVau+ bdu = M(au+ b)%

28.

15a2

udu  2(au — 2b)
e A O vau+b

2 _ 2,2
29. /u2\/au+bdu = AARS" = Loairt Laat o) (au+b)%

30.

105a3
u? du 2(8b? — dabu + 3a*u?)
= Vv b
Vau+b 15a3 e+




38.

39.

40.

41.

42.

43.

44.

45.

INTEGRALS INVOLVING u? &+ a2

1
31. /% = = arctan — [See 19
u‘+a a

U—a
2. =
8 / 2 —q? nu+a
udu
33. PiZ lnlu +a? [
w?du u—a
4. Rl R bt
3 / 72 u+2ln Ta
u?d
35. /2 uz—u—aarctanE
u - +a a

du 1 u?
36. / u(u? + a?) i_%i n u2 + a?
udu 1
e (W2 a?)"+l — 2n(u? £ a2)n’ n#0

INTEGRALS INVOLVING vu?+a?, a>0

uwdu

— =u2ta? See 5

Vu? +a? [ ]
/U\/uz:i:azdu— u? :ta) [See 5]

— =Inju+ Vu? £ a?
/\/uzia2 | |

2

/\/uzzi:azdu=§ u2ﬂ:a2i%ln|u+\/u2:|:a2|

U 1
——=-In
/u\/u2+a2 a

/ U 1 u

——— = —arcsec—

uu?—-a? o a
2 _ 2

vu? —a i

/——-—- du = v u? — a? — a arcsec—

u a

,/_2 7
/ uu+a =+vul+a?2+aln|——e—

u
a+Vu?+a?
[See 21]

a+ \/u2 + a?



INTEGRALS INVOLVING vu? +a?, a>0 (Continued)

d
46. \/uz_iu_z u2:!:a2:]:—ln|u+\/u2:i:a2|
w2+ a
a2

/ u?yV/u? + a?du = - u:ta)%q:?u\/uziaz—
—8-ln|u+\/u2:ta2|

INTEGRALS INVOLVING va? —-u?, a>0

48. = arcsin E [See 20]

/\/az—u
2
49. /\/a2—u2du=§ a2—u2+%arcsing

d
50. %:— a? —u?  [See 5]

51. ‘/u\/a2 —uldu= —-;’-(a2 —u?)} [See 5]
,/—‘2 — 2
52. / au ¢ =va? -+ In|l———m

cz+\/c12—u2

53 / v 1y 4
’ uva?—u? a |a+ Va?-—u?
54 / u B a? —u?
' uvaz —u? a?u
\/a"’—u2 va? —u? .U
55. = ——— — arcsin —
u a
2d 2
56. \/(12———% = —g- a? —u? + % arcsing

2

57. / Va2 —uldu=-—— a—u2)3/2+% a? —u? +
a4arcsinu

8 a



INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS

. 2 u  sin2au
. du=—-—
58 / sin® audu 5 1a
in 2
59. / cos® audu = % sm4aau

3
60. / sin® qu du = —= 2% _ 88

3a a
. . 3
sinauy sin®au
61. cos® audu = -
a 3a
som—1
. sin aucosat n-—1 o
62. /sm” audu = — + /sm" 2 qudu,
na n
_1 .
cos" *ausinau n-—1 _
63. /cos” avduy = - /cos" 2 qu du,
na n
. u  sindau
64. sin? aucos® audu = — —
8 32a
du 1
65. — = ——cotau
sin” au a

d 1
66. / 2” = —tanau
costau a

1
67. /tan2 audu = Ztanau —-u
2 1
68. cot°audu = ——cotau —u
a

1 1
69. /sec3 audu = — secautanau + %a In | sec au + tan au]

2a
70. csc” au du = —— cscau cot au + — In | cscau — cot au|
2a 2a
. 1 . U
71. usinaudu = — sinau — — cos au
a a
1 u
72. ucosaudu = —5 Cos au + - sinau
a a
g s 2u a?u? -2
73: u’sinaudu = — sinau — ———— cosau
a? ad
2u 2u -2 |
74. /u2 cosaudu = —5 cosau + ————sinau
a a



INTEGRALS INVOLVING EXPONENTIAL FUNCTIONS

i eau
75. /ue du = a—2(au -1)
76. /uze‘“‘ du = e—3(a2u2 — 2au + 2)
a

ue®™ n
77. /u”e‘“‘ du = — —/u""le‘“‘ du, n>1
a a

au

78. / e sinbudu = asinbu — bcos bu)

L
a? 4+ b?

au
a? + b2

du 1 -
80. /1+eau_u—aln(1+e )

79. / e cosbudu = (acosbu + bsinbu)

MISCELLANEOUS INTEGRALS

. . 1 — a2u?
81. arcsin au du = vwarcsinay + —————
a
V1 —a?u?
82. arccos au du = u arccos au — ——————
a

1

83. /arctan audu = uarctanau — % In(1 + a®u?)
1

84. /arccot audu = uarccot au + % In(1 + a2'u,2)

85. /Inaudu=ulnau—u

86. /u" Inaudu = u™*!

87. / g% gy = VT
0 2a

Inau B 1
n+l (n+1)?



WALLIS’ FORMULAS

(m=1)(m=3)---(3)(1) = )
) (m—2).-@)(2) 2> 't even;
/ sin™udu = {
0

(m=1)(m=3)--(4)(2)
mm-n-m® 0 modd

I

£l
cos™ udu = / sin™ udu
0

o

Wl

sin™ ucos™ udu =

o~ o

( 1)(m—3)---(3)(1)(n—1)(n—3)-- (4)(2) .
(m— n(zm+n)(m+n_ﬂz) (;‘)( m even, n odd;

(m=1)(m—3)--(4)(2)(n—1)(n—3)-- (3)(1)
(m+n)(m+n—2)--(3)(1

m odd, n even;

m—1)(m—3 4)(2}(n—1)(n—3 4)(2 ’
= <m+)n)((n3§3( o )((4)(2)) BB m odd, n odd;

m—1)(m—3 3)(1)(n—1)(n—-3 3 1'r
\ { - (m-l-)n)((n-z-g-r)t(—z) )(( 2 )) B m even, N even

GAMMA FUNCTION

Definition :
I(z) = / e =1 dt, >0
0
Shift Property :
I'(z +1) = zI(z), z>0

Definition :

F(:]}):M, I<0,(L‘§é—1,—2’

Special Values :



LAPLACE TRANSFORMS

L @ F(s) = [3° e "t f(t) dt
2 af(t) + by(t) aF(s) + bG(s)
3. f'(2) sF(s) — £(0)
4. fr(@) s2F(s) — s£(0) — £'(0)
51 t"f(¥), n=1,23,... (=1)"F()(s)
G e f(t) F(s—a)

n| ferP)=10) NS

8. fRH(t - a) e~ L{f(t+a)}
9. f(t—a)H(t—a) e F(s)

10. Jo f(u) du Fla)

1| Jy flu)g(t —w) du F(s)G(s)

Iz & ™ F(v)dv
13. 1, H(t)*, u(t) i

14.| 7, n=1,23, ol

15. ¢, a>-1 Hs%i:lll

16. eat sia.

17. sinwt -

18. coswt ?ﬁ?

19. 1 (e2t — 1) ﬁ
s a (e — ) ey @70
21. teot ﬁf

22. | t"e®, n=1,23,... (s__‘f:)'"_n.
23. sinh at iy

24. cosh at e

25. (1 — cosat) W%-?T

26. Zz(at — sinat) 3’75’14-_027

* The Heaviside step function H is defined by
wo={3 155
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LAPLACE TRANSFORMS (Continued)

27. 7oz (sin at — at cos at) Gﬁl'i’ﬁ?
28. %t sin at (Tﬁﬁ’?
29. > (sinat + at cos at) (_3248-_1!77
30. tcosat (_:%277
31, et EEmEEy 07
32. corai-cpsbt FEEwy 270
34. e Pt sinwt (DL
35. e~ b coswt (s_-l-;,iz-_wf
36. 1 — coswt H?u:_wﬂ
37. §(t—a) T
V@bVl bt i (wt + D)
38. | where (8+Z) iw
¥ = arctan ;%5
14 YEFeT bt sin(wt — T)
39. | where B ab+2b wj-w

U = arctan %

1+ 7“% sin(v1 - c2at — )

2

40. | where s s!+2ac'1cs+azl
Q:arctanEl__cc , —l<ex<1
—b)2 2
Lo @e_b‘ sin(wt — )
41. | where —[(——'fm—qs T

¥ = arctan o224+, % = b? + w?
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PROBABILITY AND STATISTICS

Formulas for counting permutations and combinations:
nl

] n n!
@) =P = h (b) nCi = (k) ~ kl(n—k)!

Let A and B be subsets (events) of the same sample space.
(a) P(AuB)=P(A)+ P(B)— P(ANB).
(b) The conditional probability of B given A, P(B|A), is defined by
P(AN B)
pP4) 7
(c) A and B are statistically independent if and only if
P(AN B) = P(A)P(B).
Let X be a discrete random variable with probability function f(z).
(a) P(X =z) = f(z), where z € S = range of X
(b) E(X)= sz(a:) = p = mean of X
s
(c) var(X)=EB((X —p)?®) = B(X*)-p? =) 2*f(z) - p* = o°
s

P(B|A) = P(A) #0.

= variance of X
(d) o= +/var(X) = standard deviation of X.

Let X be a continuous random variable with and probability density f(z).
(8) Pla<X<b)= /bf(m) da.
(b) E(X)= /Smf(w)dz = p = mean of X
(©) var(X) = B((X - w?) = EX*) = 2 = [ 2 f(@)da 4" = *

= variance of X

(d) o= +/var(X) = standard deviation of X.

Let X1, X,,...,X, ben statistically independent random variables, each hav-
ing the same expected value, p, and the same variance, 2. Let

_ Xt X+ 4+ Xn
- .

Y

2

Then Y is a random variable for which E(Y) = u and var(Y) = Z-.
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PROBABILITY FUNCTIONS (Discrete Random Variables)

Binomial
f(z;n,p) = (Z)pm(l—p)”_’”, (z=0,1,2,...,n),
W =np, o = np(1 - p).
Poisson
—a T
fa)=—— (@=0,1,2,...),
p=cdt=a

STANDARD NORMAL CUMULATIVE DISTRIBUTION FUNCTION

N(0,1)

TABLE OF NORMAL AREAS

z | F(z) | z | F(z) | z | F(z) | z | F(2)
0.0] 0500 0.8 0.788 | 1.6 | 0.945) 2.4 | 0.992
0.1 | 0540 ; 0.9 | 0.816 | 1.7 | 0.955 | 2.5 | 0.994
0.2 10579 | 1.0 | 0.841 | 1.8 | 0.964 | 2.6 | 0.995
0.3 10618 | 1.1 | 0.864 | 1.9 | 0.971 | 2.7 | 0.997
0.4 | 0655 [ 1.2 | 0.88 | 2.0 | 0977 | 2.8 | 0.997
050691 | 1.3 | 0903 | 2.1 | 0.982 | 2.9 | 0.998
0.6 | 0726 | 1.4 | 0.919 | 2.2 | 0.986 | 3.0 | 0.999
0.7 { 0758 | 1.5 | 0.933 | 2.3 | 0.989
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PROBABILITY FUNCTIONS (Continuous Random Variables)

Uniform
1
. = <z<b).
f(z;a,b) '—a (a<z<b)
_a+b. 2 (b—a)?
p=—9— =713
Exponential
f(z;b) = be™b= (z >0, b>0).
1 g 1
b= Z; o= ITh
Normal

b\/2_7r_ (—o0 < z < ).
u=a; o2 = b?

FOURIER SERIES

The Fourier series expansion of a function f(t) is defined by:

f®) =ap+ ; (an cosnTﬂt + by, sin n;lrt)

where
1 L
o=z | Sty

L o nwt
n = T t i, 21
a L/_Lf()cosLdt n

1 [ nmwt
N in — >
bn I /_L f(t)sin 7 dt, n>1

(Note: for the complex Fourier Series, see page 29)
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FOURIER SERIES (Continued)

Examples of Fourier Series

f(t)
1 _
1, 0<t< L;
f(t)_{—l, -L<t<0.
L t
4, @w 1 . 3wt 1 ., but
-7-T-(smf+§smT+gsmT+---)
. f(t)
0, L<|t|i<L
=4 2
@) {1, 0<Jt| < £ :
L t
mt 1 3t 1 57t

f(t)
f&)=t, -L<t<L L
L t
£ — g’.(cos"r_t.klcosﬁ_i_ icosw_l_ )
2 q? L 3 L 52 L
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SEPARATION OF VARIABLES

Eigenvalues and Eigenfunctions for the differential equation

@+ Xp =0.
©(0) = (L) =0
)\n=(TZr P pn =sinfz, n=1, 2,
¢'(0) = p(L) =

An=(%)?%, @n=cos®z, n=0,1,2, ...
(=LY = (L), ¢'(-L)=¢'(L)

)‘0 =O? wo = 1,

An=(2%)?, on=sin%fz and cosz, n=1,2, ...

Solution of inhomogeneous ordinary differential equations
.U+ kApun = ha(t)

Un(t) = ane™FAnt 4 [7 hy(r)e~ A7) dr

C Up A+ il Un = ()

Un (t) = @ COS pnt + by sin pnt + #l“ fot hu(7) sin pn(t — 7) dr
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BESSEL FUNCTIONS

1. The differential equation
mzyn AL :ny' + (/\22:2 _ nZ)y =0

has solutions
Y = Yn(Az) = 1 Jn(AT) + oY, (Az),

where o
B bt (__l)mtn m
Jn(t) = m2=:0 2nt2mmIl(n+m+ 1)

2. General properties:
Jon(t) = (-1)*Jn(t); Jo(0) =1; Jn(0) =0, n=123,...;
for fixed n, J,(t) = 0 has infinitely many solutions.

3. Identities:
() &[t"Ta(®)] = t"Jna(t).
(b) E[t"Ja(t)] = —t " Tnpa(t);  Jo(t) = —J1(t)
(€) Ja(t) = $[Ja1(t) — Jnya(8)]
= Jn-1(t) — 3Jn(t) = 3Jn(t) — Jns1(2)
(d) Jn41(t) = 2Ja(t) — Jo—1(t)  (recurrence).

4. Orthogonality:
Solutions ¥, (AoZ), Yn(A12), - . -, yn(AiZ), . .. of the differential eigensystem
22" + zy’ + (V222 —n?)y =0
Agyn(Az) — Bie [a‘fz-yn(/\:z:)]mmk =0, k=1,2

have the property
x2
/ 2Yn(Ai)yn(Aiz) dz = 0

for 7 # 7, and

2222 — n2)y2 (A 2(dy (A.z)]2

for i = j.
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5. Integration properties:
(@) / 20, 1(t)dt = 7, (8) + C
®) / = Jyer () dt = —t="J,(8) + C
©) / tJo(t) dt = tJ1(t) + C
(d) / t3Jo(t) dt = (3 — 4t)Jy(t) + 22 Jo(t) + C
(e) / t2J1(t) dt = 2tJ;(t) — 2 Jo(t) + C

(f) / t47,(t) dt = (48 — 16t)J1(t) — (t* — 8t2)Jo(t) + C
LEGENDRE POLYNOMIALS

The differential equation
(1-z*)y" - 22y +n(n+1)y=0

has solution y = P,(z), where

[n/2]
1 ml(n\[(2n—=2m\ , o
- 5 () (2
m=0
on the interval [—1,1]. The Legendre polynomials can also be obtained itera-
tively from the first two,
Py(z)=1 and Pi(z) =z,
and the recurrence relation,
(n+1)Pryi(z) = (2n+ 1)zP,(z) — nPp_1(x).

The Legendre polynomials are also given by Rodrigues’ formula:

Pate) = XL fa - o2y,

Orthogonality:

1 0 n#m;
P.(z) Py, dz = ! o !
[ Pu@)Pn(o)ds {+ b,

Standardization:
P,(1) =1.
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TRIGONOMETRIC FUNCTIONS IN A RIGHT TRIANGLE

If A, B, and C are the vertices (C the right angle), and a, b, and r the sides
opposite, respectively, then

a b
sine A=sin A = o cosine A = cos A = —,
T
a b
tangent A = tan A = B cotangent A = cot A = —,
a
T
secant A =sec A = X cosecant A =csc A = 2,
g exsecant A =exsec A=secA—1
versine A=vers A=1—cos A
r
8 coversine A = covers A = 1 —
sin A
1
A b G haversine A = hav A = 5 vers A

TRIGONOMETRIC FUNCTIONS OF SPECIAL ANGLES

ol [3[3[5][~[%
sin | O % 32@ 32@ 1 -1
cos | 1 ;2§ 32Q % 0|-1(0
tan | O 53@ 1 \/5 oo 0|
cot |oo | V3| 1 53@ 0|l | O
sec | 1 243@ \/5 2 o |-1]
csc | oo 2 \/5 2—? 1 |o00]|-1

COMPLEX EXPONENTIAL FORMS (i2 = —1)

: 1, i 2i

sinz = —(e** —e™*%) CSCT = ———
21 gt — gt
1 ., i 2

cosz = = (e +e7*%) secT = — .
2 elm + e—lm
1 e — g ei:c + e—i:z:

tanz = - —— cot = 1— -
1 e‘lm + e—uz: elm —_— e—'lm
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RELATIONS AMONG THE FUNCTIONS

1

sSmMx = —

1
CosT = e

. _1 _ sinz
tanz = cotxz ~ cosz

sin®z +cos?z =1
14+ cot?z =csc’z
*sinx = :I:\/Ttm
*tanz = :I:\/sm
*cotx = ﬂ:m

sinz = cos(§ — z) = sin(m — x)
tanz = cot(§ — z) = —tan(m — x)

1
sinx
1
cosz
— .1 _ cosz
cotx = tanz ~ sinx

2

CcsCxr =

secT =

1+ tan®z = sec?z

*cosz = +v/1—sin’z

*secx = +v1 t tan’z
*cscz = V1 +cotlz

cosz = sin(§ — z) = — cos(m — x)
cotz = tan(§ — z) = —cot(m — x)

SUMS AND MULTIPLES OF ANGLES

sin(z 4= y) = sinzcosy % coszsiny

cos(z +y) = coszcosy Fsinzsiny
t +t

banmidkg) = anz =+ tany

" 1Ftanztany
sin2z = 2sinz cos

cos 2z = cos? z — sin
sin3z = 3sinz — 4sind z

cos3z =4cosPz — 3cosz

sindz = 8sinzcos® z — 4sinzcosz
cosdz = 8cos*x —8cos?z + 1

2

z=2cos?z—1=1-2sin’z

2tanz cot?z —1
tan2rx = ———— cot2z = ——
1—tan*z 2cotx
3tanz —tandz
tan 3z = —————————

1—3tan’z

. 1 [1—cosz
s1n§z—:l: —

N 1 /1+cosz
cosza:—:i: 7

sinz

" 1 l1—cosz 1-—cosz
tan—z ==+ = — =
2 1+ cosz sinz 1+cosz

* The choice of the sign in front of the radical depends on the quadrant in

which z, regarded as an angle, falls.
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MISCELLANEOUS RELATIONS

sinz +siny = 2sin (z + y) cos 3(z F y)

cosz + cosy = 2cos 3(z + y) cos 3(z — y)

cosz — cosy = —2sin 3(z + y) sin 3 (z — y)
sinz cosy = Z[sin(z + y) + sin(z — y)]
coszsiny = 3[sin(z + y) — sin(z — y)|
coszcosy = [cos(z + y) + cos(z — y))
sinzsiny = [cos(z — y) — cos(z + y))

tanz + tany = Ssin(ety) cotz £ coty = 4 sin(z:ky)

COS T COS Y sinz siny
lttanz __ o cotz4+1 __ T
l—tanz — ta'n( 4 + x) cotz—1 — COt( 4 (E)
sinztsiny __ 1 sinztsiny _ 1
cosz-tcosy tan 2 (‘T x y) cosxT—cosy cot 2 ((L' ¥ y)
sinz+siny __ tan 3(z+y)
sinz—siny ~ tan 3(z—y)
sin z — sin® y = sin(z + y) sin(z — )
cos? z — cos?y = —sin(z + y) sin(z - y)

2z —sin®y = cos(z + y) cos(z — y)

cos
INVERSE TRIGONOMETRIC FUNCTIONS

The following table gives the domains of the inverse trigonometric functions.

Interval containing principal value
Function
x positive or zero x negative
y = arcsinz and y = arctanz 0<y< 3 ~ELy%0
y = arccosz and y = arccotz 0<y< 3 TXyLw
y = arcsecz and y = arccsce 0<y< 3 —mEYS —5

Two notation systems are in common use. For example, the inverse sine is
often denoted by arcsin or sin~!. In many references, however, “principal
value”is used for the function and is denoted by Arcsin or Sin~!. Thus, in one
book,

1
Arcsin 3= Sin~lz = % and arcsinz = % + 2nm,

while in another, only lower case is used:
.1 7

arcsin — = —.

2

6
Special care is advisable in the use of reference materials.
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SIDE-ANGLE RELATIONS IN PLANE TRIANGLES

Letters A, B, and C denote the angles of a plane triangle with opposite sides a,
b, and c, respectively. The letter s denotes the semi-perimeter of the triangle,
that is,

1
s=§(a+b+c).

sirtlz ria sixf 5= si: c= diameter of the circumscribed circle
a?=b*+c*—2bccosA
a=bcosC +ccosB
A-B a-b C

— cot —
2 a+bco 2

sinA = %\/s(s—a)(s—b)(s—c)
area = 1/s(s —a)(s — b)(s — c)
A _ (s=b)(s—¢)

sin —

tan

2 be
_ [s(s—a)
cos o = »
_ [(s=b)(s—¢)
tan 2 s(s—a)
a+b_sinA+sinB_tan%(A+B) cot1C

a—b sinA—sinB  tani(A-B) tanl(4-B)

h_dsina sin d
" Usin(a+pB)  cota+cotf
h
(] B
S d >

sina sinf’ d
sin(3' —a) cota —cotf

h=d
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HYPERBOLIC FUNCTIONS

1 1
sinhz = 5(«3‘c —e™ ), coshz = E(e”‘ +e7%)

et —e " sinh z 1
tanhz = =4 =
et +e* coshz cothz
tanh z 1

sinhz = +Vcosh?z —1 =

\/1—tanh2:1;— \/cothzz:—l
th
coshz = V1+sinh?z = 1 =4+ coz.'z:
\/l—tanh2a: \/coth -1

sinh N Vcosh®’z —1 1

t h = = —
S V1 +sinh?z coshz cothz
v/1 + sinh? h 1
srsEhas = +sinh"z 4 coshz

sinhz - Vecosh?z — 1 ~ tanhz
sinh(z £ y) = sinh z coshy + cosh zsinhy
cosh(z £+ y) = coshz coshy + sinh zsinhy

tanh z &+ tanh cothzcothy £ 1
Bl = 1+ tanhz tanhyy eothip=ry) = Why-;:c_(iﬁg
sinh 2z = 2 cosh zsinh z cosh 2z = cosh® z + sinh? z
sinh™ z = In(z + V22 + 1) cosh™ 'z = In(z + V22 — 1)
tanh_1z=%lnifi coth‘%::%lniti’
Complex hyperbolic functions involve the Euler relations
) o g + g—iz _ iz _ =iz
e'* =cosz + isinz; cosz=—2——, sinz = ————
cos z = coshiz cosh z = cos iz
sin z = —isinhiz sinh z = —isiniz
tan z = —itanhiz tanh z = —itaniz
cot z =i cothiz cothz =icotiz

sinh(z £ iy) = sinhz cosy L icoshz siny
cosh(z £ iy) = coshzcosy £ isinhz siny

1
Inz=1In|z{+ iargz; so Iniz=Inz|+ (2n+ 5)7”

and In(—z) =Injz|+ 2n+1)mi (n=0,%1,+£2,...)
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FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS

. Separable equations : N(y)dy = M(z)dz. To solve, integrate both sides:

/N(y)dy=/M(a:)d:v+c.

oM ON

Exact equations: M(z,y)dz + N(z,y)dy =0, where a_y =52 To solve,
integrate g—i = M(z,y) and % = N(z,y):

F(z9) = / M(z,5) dz + $(y) = / N(z,y) dy +9(z) = c.

Linear equations :

Y 1 p(z)y=ao)

The solution is given by

3= P_:(liL'S /P(:L‘)q(:z:) dz + %{E), where  P(z) = ECLS

Homogeneous equations :

dy .y dy ..z

dz (z) o dm_f(y)
Substitute y = uzx @—z-@f+u or =9 d_a:_ d_a:+v
Y=4% Gz~ Tdz = v dy_ydy ’

integrate the resulting expression, then resubstitute for v or v.

Equations in the rational form

@ _ax+by+c

dz  dr+ey+f’

where a, b, ¢, d, e, f are constants such that ae # bd. Substitute
bf - ce b — cd—af
ae — bd’ ae — bd’

z=X—h, y=Y -k, where h=

to obtain the homogeneous equation
dY aX+40bY
dX " dX teY’
This equation may be solved as in item IV above.
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LINEAR SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

IL.

N =

w QW »

WITH CONSTANT COEFFICIENTS

Homogeneous equation ay”’ + by’ + cy = 0. Substitute y = e"z to find the
characteristic equation, and write its roots r, and 73 :

-b+£ Vb? - 4dac

ar? +br+c=0; T1,T2 =

2a
The solution, ., is given by the following table.
Case 1. b%2 —4ac>0, Yo = c1€"F + cpe™®
real and distinct roots.
Case 2. b2 —4dac=0, ye = (€1 + caz)e™
two real equal roots.
Case 3. b2 —4dac<0, Yo = €%%(cy cos Bz + ¢g sin fz),
two complex roots. where
_=b _ V4ac — b?
2a’ - 2a
Undetermined Coefficients : ay” + by’ + cy = F(z).

Solve the homogeneous equation ay” + by’ + cy = 0 for y..

Assume a particular solution y, for any term in F(z) that is one of three
special types, as follows.

For a polynomial of degree N, v, is a polynomial of degree IV.
For an exponential keP(®), Yp = AeP(@),
For jcoswz + ksinwz, yp, = Acoswz + Bsinwz.

If any term in y, found above appears in 3., multiply the corresponding trial
term by the power of z just high enough that the resulting product contains
no term of y..

For any term in F(z) that is a product of terms of the three types listed
above, let y, be the product of the corresponding trial solutions.

. Substitute gy, into the given O.D.E. and evaluate the unknown coefficients by

equating like terms.

. The general solution of the given equation is

Y="Yc+ Yp.

Evaluate the two arbitrary constants ¢; and ¢z in the general solution y by
applying boundary/initial conditions, as appropriate.
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. Write the solution of the homogeneous equation ay” + by’ + cy = 0 in the form

25

Variation of Parameters: ay” + by’ + cy = F(z)*.

Ye = C1Y1 + C2Y2.
Assume a particular solution y, for any term in the form
Yp = w1 + UzYa,
where u; and us are functions determined by the conditions

iy + ubys =0

wiy; + upys = G(z) where G(z) = F((f).
The solution of this system of equations is given by
") = _wG and uj = %,
where W denotes the Wronskian determinant:
W =W(z) = gi gz #0.

Integrate to find the unknown functions:

u1($)=—/%dm and ug(x)z/Mdz_

5. Form the particular solution y, = u1y1 + u2ye.

6. The general solution of the given equation is

Iv.

Y="Yc+ Yp.

Evaluate the two arbitrary constants c¢; and ¢y in the general solution y by
applying boundary/initial conditions, as appropriate.

Laplace Transforms : ay” + by’ + cy = F(z), v(0) = yo and y'(0) = y;.

Take the Laplace transform (see pages 9-10) of both sides of the given equa-
tion, using the given initial conditions. The result is an algebraic equation for
F(s), the Laplace transform of the solution.

2. Solve the algebraic equation obtained in Step 1 to find F(s) explicitly.

3. The inverse Laplace transform of F(s) is the solution of the given initial value

problem.

*The coefficients may also be functions, i.e., b = b(z) and ¢ = ¢(z).
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VECTOR ALGEBRA

. Scalar and vector products. Given vectors

a=me;+ aey + oze3 = azi+a,j+azk
b = fie; + Baez + fzes = bz + byj + b2k,
=me1 + 72€2 + 133 = czi + ¢j + ¢k,
let ¢ be the angle from a to b. The scalar (dot) product of a and b is the
scalar

= |a||b| cos ¢ = azby + ayby + a.b;.
The vector (cross) product of a and b is the vector of magnitude
|a x b| = |a||b]|sin ¢,

perpendicular to a and b and in the direction of the axial motion of a right-
handed screw turning a into b. In coordinate form,

ey xe3 a1 B
axb=|esxe as ﬁz
erxey a3 [

Poaz b ay, a a: a a; a
a2 bt O i P R P
k a, b, y z z T z y

= (ayb: — azby)i+ (a:bz — agh.)j + (azby — aybs)k.
The box product of a, b, and c is the scalar quantity given by

a-b x ¢ = [abc] = [beca] = [cab] = —[bac] = —[cba] = —[acb]
a1 B m az bz ¢z
=|a2 P2 m|lerezes] =|ay by ¢y
as ﬂ3 73 a; b, c
The product of two box products is given by

a-d a-e a-f

[abc][def]=|b-d b:e b-f|.
c-d c-e c-f

A special case gives Gram’s determinant :

a-a a‘b a-c
[abc)?=|b-a b-b b-c
c-a ¢-b c-c

= [(a x b)(b x c)(e x a)]
= (a-a)(b-b)(c-c)+2(a-b)(b-c)(a-c) ~(a-a)(b-c)’~
(b-b)(a-c)* - (c-c)(a-b)*




VECTOR ALGEBRA (Continued)

The vector triple product of vectors a, b, and c is given by

b c
a-b a-c

ax(bxc)=(a-c)b-(a-b)c=

Three additional formulas for scalar and vector products:

(axb)-(cxd)=<a-c)(b-d>—<a-d)(b-c)=lfoi bod|

(ax b)2=(a-a)(b-b)—(a-b)?
(a x b) x (c x d) = [acd]b — [bed]a = [abd]c — [abc]d.

VECTOR ANALYSIS

Differential operators

o, 09, 09 K

Vo(3,y,2) = grad ¥z, y,2) = Goi+ 5o+ 5
T _OF, 0OF, 0F,
V -F(z,y,2) =divF(z,y,2) = 5 + % =

V x F = curlF(z,y, z)

_ ,0F, 0OF,,, 0F, ©0OF,, 6 ,0F, OF,
=(6y _E)H—(az B 6:1:)‘] (%_ Oy )k
i j k
| B B 48
— 10z Qdy 0Oz
F, F, F,

OF o OF . OF

9 v 8z
= (G VFE)i+(G VF)j+(G-VF)k
Vi=(V.-V)= (ﬁ + 6—2 + 6—2) (Laplace operator)
T \oz? 9y Oy R 3

div grad @ = V - (V®) = V?®
graddivF =V(V - F) =V?F+V x (VxF)
curl curl F =V x (Vx F) =V(V-F) - V’F
curl grad 2 =V x (V®) =0
diveurl F=V - (VxF)=0
V(®T) = TV + dVT
V3(®T) = UV?® +2(VD) - (VT) 4 &V
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VECTOR ANALYSIS (Continued)

VEF-G)=(F -V)G+(G-V)F+Fx (VxG)+G x (VxF)
V. (3F) =&V -F + (V®)-F
V (FxG)=G-VxF-F.-VxG
(G - V)(®F) = F(G - V®) + &(G - V)F
V x (8F) = ®V x F + (V®) x F
Vx(FxG)=(G-V)F—(F-V)G+F(V-G)-G(V-F)

Cylindrical :z =rcosf8,y =rsinf,z =z
o0®, 109 0P

grad<I>=VtI>—a +—_3-9-0+6_R
. . _10(rF,) A 10F, A OF,
divF =V F_'r Em .+ - 50 +8
ir 4 ik
curl F=V xF = % % f%
F. rFy F,
10 ([ 09 16% 0°%
2 —
Laplacian ® = V*® = b ( Br) 2502 + — 32
Spherical : x = pcosfsin ¢,y = psinfsin¢g, 2z = pcos ¢
6<I>, 100 . 1 09,
grad ® =V® = p+ 6¢¢+m5—§
. 1 8(p*F,) 1 O(sing Fy) 1 OF
F=V . F=—= 2 S
div v P Op psmd) 8¢ psing 06
1o 15
p!smd)p psm¢¢ ;0
carlF=VxF=| £ vt &
E, pFy  psing Fy
19 0 o 1 8%
29 = —— inp— —_— -
v pz@p( ) p? sm¢8¢( ¢3¢)+pzsin2¢ 862

Integral Theorems

[y V-F(r)dV = [(F(r)-dA (Divergence theorem)

Jy V@ V¥V + [, TV2@dV = [((IV®)-dA (Green’s theorem)
[ (IV2® — dV2E)dV = [((IVP — dVY)-dA (symmetric form)
[, V?@dV = [(V®-dA (Gauss’ theorem)

J5[V x F(r)]-dA = §,F(r) -dr (Stokes’ theorem)




FUNDAMENTALS OF SIGNALS AND NOISE

Complex numbers (j2 = —1)

a+bj = Re??, where

R=+a?+1?,

arctan(ﬁ-), a>0;

0= arctan(2) £, a<O0;
& a=0,b>0;
—a a=0,b<0.

Ael? . Bei? = ABei(0+9)

el = I0+2nm) o — 41 42,

Unit phasor
j =el7

e =—-1 1 = 0 = gi27

_] =e_~7% =e-7§2’£

Euler Identity

iz —jz

tiz . cosz = Li‘2“3—;

e = cosz * jsinz; jz_* —jz
sinz = &=

Fourier series (Periodic signals. For the real number form, see p. 13.)

(= o)
z(t) = Z cped2miit where

n=—oo
1 —j2rnfit
= | z(t)e 4™t dt,
1/
Ty = period,

fi= = fundamental frequency,
1

(For real signals, c_,, = ¢}, (complex conjugate).)

29
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Fourier transform (aperiodic signals)

x(n= [ sty a)= [ X o

—00

The correspondence between z(t) and X(f) is denoted by z(t) < X(f).

Transform of Fourier Series

If z(t) = i cne?™1t then X (f) = Z end(f —nf1).

n=—o0 n=-—00

Convolution (*) and Correlation ()

T * y=/°° :1c(r)y(t—7')d'r5/oo y(Nzt—7)dr=y * z

—00 —00

T * y=/oo z(r)y(t + ) dr

—o0

Properties of the delta function

/  S(tydt =1
/_ " 8t — to)a(t) dt = z(to)

z(t) * 6(t —to) = z(t —to)
z(t)d(t — to) = z(t0)é(t — to)

Parseval theorem (Average Power in a periodic signal)

o oo
—'_1 z 2 _ 2
P [ le@Pdi= 3 e

n=—oo

Rayleigh theorem (Total Energy in an aperiodic signal)

B= [ kP [ x(pPy

—oo



Fourier theorems

If z(t) « X(f) is a transform pair, then

LINEARITY

SHIFT/MODULATION

PRODUCT/CONVOLUTION

SCALE

DIFFERENTIATION
INTEGRATION

Fourier pairs

Time Domain

az(t) + by(t) < aX(f) +bY (f)
2{t — to) = X(f)e9me!
z(t)e’* " o X(f ~ fo)
z(t)y(t) & XY

zxy « X(HY(f)
sift) o+ lx(i)

la|” \a

2 2(t) o 2mfX()

‘ X(f)
/_wm(r)dTH ot

Frequency Domain

31

At =1 -z () () = D))
o T AHO
() = Sn2n o) H(f) = 570 - ug (1)

A H()
1/2f

=y
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Fourier pairs Continued

Time Domain Frequency Domain
h(t) =K o H(f) =Kt5(f)f
h(t H
o AHO

—
—

h H(f
K% (t) . (f)

t f

M) = Acos(enfot) o H()= S0+ fo) +6(7 - fo

AN/ \A N I
VARVZIRE I

he) = Asin(nfot) o H(7) = S516(F + fo) = 8(F ~ fo)

A . Im[H()]
N w1,
AV EVARERE

sin®(7 Ty f)
Ton2 ]2

w) = 1= B [1-un)] - HO)-

Qo T HO

— [ |

To To t 1Ty 2T, f



Fourier pairs Continued

Time Domain

33

Frequency Domain

h(t) = el

N ht)

N

20
a? +4n? f2

2/ H()

H(f) =

| f

h(t) = exp(—at?) —

H(f) = [ Tew(ZL)

/r](t)\ /M\H(n\
{ i
h(t) = { e, t>0 H(f) = 1
~ 10 t<0 a4 27mjf
1 10 1/6 N IHO!
| t f
Bt)=sgat) o  H()=—2

h(t)

wf
J im[H(f)]

o
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Linear time — invariant systems

Basic Properties

If
z(t) —f — y(t)
9(t) — — q(t)
then
az(t — to) +bg(t —to) — ——  ay(t — to) + bg(t — to)
Transform properties
Input Output
Time Domain a(t) h(t)
x(t) y(t) = x(t) * h(t)

—> system —

Frequency Domain  X(f) Y(f)=X(f)-H(f)
h(t) & H(f) h(t) = impulse response; H(f) = transfer function

Random signals

T= / zp(z)dz  Mean value

—00

o0
g2 = / z’p(z) dz Second moment

—0o0

<z,z>=|z||*= 5 |lz(t)|% dt Norm square
=7
1 %
<z>=g3 z(t)dt Time average

For an ergodic process:
Second moment = Norm square and Mean value = Time average.
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Ideal filter (low — pass)

__ sin(2m fot) o _ T—ugp(f)
ht) = = Hf) =—5
1 A he) H(f)
1/2f,
f f z
12f, 1/, 1 ’ ’ f
RC filter (low — pass)
- L yroc I S
Ve = h(t)xE(t) h(t) = e H(f) = Tom7Re
VT Vey 11 he) 1 IH()!
? c
R
(E)
t
R | t | f
Ideal filter (high — pass)
h(t) = 6(t) — 3@ H(f) =ug(l5)
h(t) H(f)
1/2f 1/, — L
fo fo f
RC filter (high — pass)

B . 3 1 _yre . _ 2mjfRC
Vi = h(t)*E(t) h(t) = () -p5e~" H() = 15 7R0
| Tnm § MHO!

C
VRS R

E \f
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Ideal filter (band — pass)
_ sin(2mfot)  sin(2mf1t)

h(t) = —— — o H(f) = ugn(f]) - ugn (If])
h(t) MH(f)
41
t f, - fr o

LRC filter (band — pass)

Vr = h(t) * E(t) M) o H) =15 figiéRf 27, fRC
h(t) ] MH)!
T

t T

-1/(2mVLC) |1/(2nVLC) f

N

Ideal sampling

Sampled signal

z5(t) = z(t) - s6(t) where  s5 = i o(t — kT)

k=—o00

Spectrum after sampling

Xs(f) = X(f)*Ss(f)  where  S5(f)=fs Y 8(f —nfs)

n=-—00

Sampling theorem
If

l (] 3
Te< W or fs >2W (“Nyquist rate”)

then the signal can be reconstructed with a filter of bandwidth B, given
by:
W<B<f—W.



