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Abstract
We consider a ﬁrm that uses two perishable resources to satisfy two demand types. Resources are ﬂexible such that
each resource can be used to satisfy either demand type. Resources are also indivisible such that the entire resource must
be allocated to the same demand type. This type of resource ﬂexibility can be found in diﬀerent applications such as
movie theater complexes, cruise lines, and airlines. In our model, customers arrive according to independent Poisson processes, but the arrival rates are uncertain. Thus, the manager can learn about customer arrival rates from earlier demand
ﬁgures and potentially increase the sales by postponing the resource allocation decision. We consider two settings, and
derive the optimal resource allocation policy for one setting and develop a heuristic policy for the other. Our analysis
provides managerial insights into the eﬀectiveness of diﬀerent resource allocation mechanisms for ﬂexible and indivisible
resources.
 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we study the optimal capacity allocation3 decision and the value of postponement for
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ﬂexible and indivisible resources in the presence of
forecast uncertainty. Although indivisible and ﬂexible resources are utilized in various service industries, issues dealing with the management of such
resources have not received much attention in the
operations management literature. Our objective is
to provide managerial implications and guidelines
on how to manage this type of resources.
Speciﬁcally, we consider a service system that utilizes two capacitated and perishable resources to
satisfy two types of consumers (demand streams)
arriving stochastically and dynamically over a selling season. Each consumer type requires a diﬀerent
type of service, to be provided at the end of the
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selling season. Resources are (i) ﬂexible because
each resource can provide either type of service,
(ii) indivisible because each resource can only provide one type of service in its entirety, and (iii) perishable because resource capacity cannot be stored
in the form of inventory. We assume resources are
identical except for their capacities. In order to maximize the expected revenue at the end of the selling
season, the revenue manager faces two operational-level questions: (i) whether or not to grant
the service request of each arriving consumer, and
(ii) how to allocate the resources to the demand
streams. Obviously, these two questions are closely
related: Once the capacity allocation decision is
given, the manager knows exactly up to how many
consumers of each type he can admit into the system. What complicates this decision problem is the
fact that in most real-world applications, arrival
rates of the demand streams are not known, and
can only be estimated with uncertainty at the beginning of the selling season.
To simplify the analysis, we assume there are no
cancelations (hence, no overbooking); that is, every
accepted consumer will show up at the time of service and be granted service. In addition, we assume
that there is no consumer-driven substitution; that
is, a consumer will not switch to a diﬀerent service
type if what she desires is unavailable. We will discuss the implications of these assumptions in detail
in Section 6.
One commonly used strategy is to allocate
resources to the demand streams at the beginning
of the selling season in a way that maximizes the
expected total revenue; we refer to this strategy as
the no postponement strategy. Although this strategy is convenient and easy to implement, it is often
diﬃcult to make the ‘‘right’’ allocation that early,
especially when the demand forecast is subject to
errors. By postponing the allocation decision, it is
possible for the manager to learn about the
demand pattern from early sales ﬁgures to make
a better allocation decision at a later time. In this
paper, we study this capacity allocation problem
and devise two postponement strategies. Our objective is to analyze the eﬀectiveness of each postponement strategy, and the value of postponement in
general, for managing ﬂexible and indivisible
resources.
The capacity allocation problem of ﬂexible and
indivisible resources arises in many real-world
situations. For example, consider a multiplex movie
theater that has several screens of diﬀerent seating

capacities. The manager starts selling movie tickets
on the Internet and over the phone well in advance.4
By scheduling diﬀerent movies around the same
time, it is possible for the manager not to assign
movies to screens until close to the show time. The
screens in this example are the ﬂexible, divisible,
and perishable resources. Because screens have different seating capacities, the manager would like
to allocate a screen of a larger seating capacity to
a more ‘‘popular’’ movie in order to increase sales.
However, before the ticket sale begins, the manager
need not have a good idea about each movie’s popularity. For another example, a transportation service provider (a cruise company, a shuttle service
provider, or an airline) usually has vehicles of diﬀerent sizes that need to be assigned to diﬀerent services
around the same time. Still another example can be
found in the manufacturing industry, where a production facility has diﬀerent production lines that
can be set up to produce one of many diﬀerent
products.
As discussed above, resource ﬂexibility allows the
manager to postpone the resource allocation decision to exploit beneﬁts of learning through early
demand ﬁgures and hedge against demand and
capacity imbalances, thus providing a risk pooling
eﬀect. While several strategies for risk pooling –
such as centralization of inventory, delayed product
diﬀerentiation, component commonality, and lateral transshipments – have been analyzed extensively in the literature (see de Kok and Graves,
2003; Tayur et al., 1999, and the references therein),
only recently have ﬂexible resource management
issues been incorporated into operations management models; see Van Mieghem (2003) for an excellent review of research in this area. However, most
research concerning capacity allocation mechanisms
for ﬂexible resources supposes that the capacity of a
ﬂexible resource can be shared between multiple
products; that is, ﬂexible resources are divisible.
This type of (divisible) resource ﬂexibility – also
referred to as ‘‘process ﬂexibility’’ or ‘‘product mix
ﬂexibility’’ (Sethi and Sethi, 1990) – is commonly
encountered in ﬂexible plants/assembly lines that
can produce multiple products at the same time
(see, for instance, Bish and Wang, 2004; Chod and
Rudi, 2005; Fine and Freund, 1990; Van Mieghem,
1998) as well as in environments where a higher
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value resource/inventory can also be used to satisfy
the demand for a lower level resource/inventory, so
that the total capacity of each resource can be split
between diﬀerent demands; see, for instance, Netessine et al. (2002).
To our knowledge, there is very limited research
that studies ﬂexible resources that are also indivisible, with a few exceptions that focus on the aircraft
swapping problem in the airline industry. In particular, most of this research studies algorithmic
approaches on how to swap a given pair of aircraft
initially assigned to a pair of ﬂights, while conserving the ﬂow balance in the ﬂight network; see, for
instance, Talluri (1996) for the aircraft swapping
problem, and Sherali et al. (2006) and the references
cited therein for a comprehensive review on airline
ﬂeeting and swapping approaches. From a diﬀerent
perspective, Bish et al. (2004) study the beneﬁts of
several demand driven aircraft swapping mechanisms characterized in terms of their frequency
(how often the swapping decision should be
revised), but under the assumption that demand
parameters are known with certainty at the outset.
In summary, the existing research does not study
the issue of how to manage indivisible ﬂexible
resources, which includes decisions regarding
whether to accept each arriving customer and which
resource to allocate to each demand stream. These
operational issues are the focus of this paper.
Our objective is to obtain managerial insights
and guidelines on how the capacity allocation decision should be managed. As such, our model is
rather stylized and generic, with only two resources
and two demand streams. We recognize that for
each application area, additional constraints need
to be imposed in order for the model to produce
practical results. For instance, in the case of a multiplex movie theater, there are typically more than
two screens, and the sizes of the screens and their
sound systems may be diﬀerent. In addition, there
are logistics issues concerning switching the ﬁlms
quickly between screens. Nevertheless, we hope that
our work demonstrates the value of allocation postponement, and will spur interest from industries to
invest in technologies that make allocation postponement possible for their respective areas.
The remainder of this paper is organized as follows. In Section 2, we present our assumptions
and the demand forecast framework. In Section 3,
we consider a single-decision setting, in which after
the manager rejects a customer, he has to reject all
future customers who request the same type of ser-
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vice. In Section 4, we extend our analysis to a
repeated-decision setting, in which the manager can
accept any customer as long as the capacity allows.
In Section 5, we perform numerical experiments to
study the value of these two postponement strategies. Finally in Section 6, we oﬀer some discussion
on our model, the assumptions we make, and the
implications of these assumptions.
2. Assumptions and demand forecast framework
We consider a manager who uses two ﬂexible
resources – with respective capacities of C1 and
C2, C1 < C2 – to satisfy two types of customers
(we use ‘‘customer’’ as the generic term for
‘‘demand’’) who arrive over the selling season
[0, T]. Type i, i = 1, 2, customers arrive according
to a Poisson process whose rate can only be forecasted, with possible errors, at time 0. Denote the
arrival rate of type i customers by Ki, i = 1, 2, and
assume they are independent random variables.
Resources are indivisible in the sense that the
entire capacity of each resource must be allocated
to the same type of customers. However, resources
are ﬂexible in the sense that each resource can be
allocated to either type of customers. Furthermore,
resources are perishable because any resource capacity not used at the end of the selling season is lost.
When a customer arrives, the manager needs to
decide immediately whether to accept or reject the
customer, with the constraint that at time T all
accepted customers must be satisﬁed with the service
type that they require. We assume that there is no
consumer-driven substitution, i.e., a consumer who
is not accepted for her service type will not switch
to the other service type. We also assume that there
is no cancelation, i.e., each accepted consumer will
show up for service at the end of the selling season;
hence, there is no need for overbooking. We discuss
the implications of these assumptions in Section 6.
The goal of the manager is to utilize the early sales
ﬁgures to better understand both demand arrival
rates and make decisions (i.e., whether to accept or
reject each arriving customer) in order to maximize
the expected revenue when the sale ends at time T.
While doing this, the manager may utilize the
resource ﬂexibility in the system, which allows the
resource allocation decision (i.e., which resource is
assigned to which demand stream) to be postponed
to a later time during the selling season. Observe that
in practice, resource allocation decision may have to
be made by a certain time, T  s, for some 0 < s < T,
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although customer demands may continue to be
accepted in the interval (T  s,T]. The cutoﬀ point,
T  s, depends on system constraints as well as managerial decisions. For instance, in a multiplex, technological constraints dictate that the allocation
decision has to be made by a certain time to allow
for the set-up of the ﬁlm to be shown. In our model,
we consider s = 0. It is possible to perform a similar
analysis for diﬀerent values of s; obviously, the
expected revenue beneﬁt of a postponed capacity
allocation policy should be nonincreasing in s. In
addition, each choice of s may have diﬀerent costs,
such as the cost related to the loss of customer goodwill (due to the delayed resource allocation decision).
Such cost parameters will be industry speciﬁc; in
addition, the values of these cost parameters is a
question better answered empirically. In order to
keep our analysis free of such cost parameter estimations, we consider the revenue side. The trade-oﬀ
between costs and revenues can then be analyzed
by an empirical study in the context of each possible
application. Furthermore, in order to simplify the
exposition, we assume that the prices are the same
for both service types (same-price policies are common in the movie theater business; moreover, our
analysis can be easily extended to the case where
prices are diﬀerent), so that maximizing the expected
total revenue is equivalent to maximizing the
expected total number of sales.
At time 0, the manager can estimate the ﬁrst two
moments of the arrival rates K1 and K2. We use a
gamma distribution to describe the prior of the customer arrival rate, because gamma distribution has
a ﬂexible form and can represent a wide variety of
functional forms depending on the values of its
two parameters (ki, ai) (e.g., for ki = 1, it reduces
to the exponential distribution, and for ki integer,
it is the Erlang distribution), and it has positive support, which is appropriate for an arrival rate distribution. Speciﬁcally, we assume that before the sale
begins, the arrival rate of type i customers follows
a gamma distribution with parameters (ki, ai) with
the probability density function
fKi ðkÞ ¼

ai e

ai k

ðai kÞ
Cðk i Þ

k i 1

for k P 0;

where ai > 0 and ki > 0, for i = 1, 2. With a gamma
distribution, the ﬁrst two moments of Ki, i = 1, 2,
are given by
E½Ki  ¼

ki
ki
and VarðKi Þ ¼ 2 :
ai
ai

ð1Þ

Let {Ni (t), 0 6 t 6 T} denote the arrival process of
type i customers, with Ni (t) denoting the number
of type i customers arriving up to time t.
As discussed above, under the no postponement
policy the manager makes the capacity allocation
decision at time 0 in order to maximize the expected
sales, whose expression is given by5
maxfE½minfN 1 ðT Þ; C 1 g
þ minfN 2 ðT Þ; C 2 g; E½minfN 1 ðT Þ; C 2 g
þ minfN 2 ðT Þ; C 1 gg:

ð2Þ

Next, we discuss how demand forecasts are updated
in a postponement setting. If j type i customers arrive in [0, t], we can use Bayes’ rule to determine
the posterior density function of Ki, i = 1, 2, as
follows:
fKi jN i ðtÞ¼j ðkÞ ¼ R 1
0

fKi ðkÞekt ðktÞ
j!

j

j

fKi ðkÞekt ðktÞ
dk
j!

:

ð3Þ

The denominator of the preceding can further be
computed as follows:
Z 1
j
ðktÞ
dk
fKi ðkÞekt
j!
0
Z 1
ak i t j
¼ i
kki þj1 ekðai þtÞ dk
j!Cðk i Þ 0
¼

aki i tj Cðk i þ jÞ
;
j!Cðk i Þ ðai þ tÞki þj

where the last equality follows from theR deﬁnition of
1
the gamma function, given by CðaÞ ¼ 0 ex xa1 dx,
for a > 0. Substituting the preceding into Eq. (3)
yields
fKi jN i ðtÞ¼j ðkÞ ¼

ðai þ tÞeðai þtÞk ððai þ tÞkÞki þj1
;
Cðk i þ jÞ

ð4Þ

which is a gamma density function with parameters
(ki + j, ai + t). For i = 1, 2, deﬁne
M i ðt; jÞ  N i ðT Þ  N i ðtÞjN i ðtÞ ¼ j
as the additional number of type i customers that
will arrive in (t, T] conditional on that j type i customers have arrived in [0, t]. Using Eq. (4), we can
calculate the probability distribution of Mi(t, j).
For n = 0, 1, . . .,
5

It is straightforward to compute the expected sales in Eq. (2)
because Ni(T), i = 1, 2, follows a negative binomial distribution,
as will be shown in Eq. (5) below (its probability mass function
can be obtained by substituting j = 0 and t = 0 in Eq. (5)).
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PrfM i ðt;jÞ ¼ ng ¼ PrfN i ðT Þ  N i ðtÞ ¼ njN i ðtÞ ¼ jg
Z 1
PrfN i ðT Þ  N i ðtÞ
¼
0

¼ njN i ðtÞ ¼ j; Ki ¼ kgfKi jN i ðtÞ¼j ðkÞ dk
Z 1 ðT tÞk
e
ððT  tÞkÞn
¼
n!
0
ðai þ tÞeðai þtÞk ððai þ tÞkÞki þj1
dk
Cðk i þ jÞ

k þj 
n
Cðn þ k i þ jÞ ai þ t i
T t
;
¼
n!Cðk i þ jÞ ai þ T
ai þ T


ð5Þ
where the last equality follows by the deﬁnition of a
gamma function. In other words, Mi(t, j) follows a
negative binomial distribution having parameters
ki + j and (ai + t)/(ai + T).
3. Single-decision setting
A single-decision policy is a policy under which
the manager must make a capacity allocation decision when max{N1(t), N2(t)} reaches (C1 + 1) for
the ﬁrst time (as long as this event occurs before
time T), and cannot reverse this decision later.
(Observe that as long as N1(t) and N2(t), t 2 [0, T],
are both smaller than or equal to C1, it is clearly
optimal to accept any arriving customer without
having to commit a resource type to a customer
type.) In this case, the manager either accepts this
arriving customer and assigns type 2 resource
(C2 > C1) to this type of customers, or rejects the
arriving customer and assigns type 2 resource to
the other type of customers. In either case, no further decision needs to be made, and the manager
simply accepts all subsequent customers of each
type until the assigned capacity limit is reached.
That is, the single-decision class of policies are subject to the constraint:
(A1) Once a customer is rejected, no future customers of the same type can be accepted.
Theorem 1 shows that we can ﬁnd the optimal
policy in this class of policies, which we call the single-decision optimal (SDO) policy.
A single-decision policy is suitable when customers line up in front of the store to purchase their services, and thus, are aware of the status of the sale. A
typical example for this situation is the movie theater business. While early sales may take place over
the phone or on the Internet, as the show times
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approach, people will line up and buy their tickets
from the box oﬃce. In this setting, a rejected customer may feel being unfairly treated if the manager
accepts a later customer of the same type. Obviously, there are systems where the relaxation of this
assumption is appropriate, and we will discuss such
systems in detail in Section 4.
If E [K1] P E [K2], then a seemingly intuitive policy is to assign type 2 resource (C2 > C1) to type 1
customers if, for some t < T, N1(t) reaches C1 + 1
before N2(t) does. However, the next example shows
that this is not necessarily optimal, as the variability
of the arrival rate also plays an important role in the
optimal policy.
Example. Suppose C1 = 1, C2 = 100, and T = 10.
Let k1 = 101, a1 = 100, k2 = a2 = 1 so that E[K1] =
1.01 > 1 = E[K2]. On the other hand, Var[K1] =
0.0101 < 1 = Var[K2]. Suppose that the second type
1 customer arrives at time t = 0.1 – by which only
one type 2 customer has arrived. According to Eq.
(5), M1(0.1, 2) follows a negative binomial distribution with parameters ð103; 100:1
Þ, whose expectation
110
is equal to E[M1(0.1, 2)] = 103(110/100.1  1) 
10.19. Similarly, M2(0.1, 1) follows a negative binomial distribution with parameters (2, 0.1), with
E[M2(0.1, 1)] = 2(1/0.1  1) = 18. Therefore, it is
better for the manager to reject the second type 1
customer and assign type 2 resource to type 2 customers. Because the variance of K2 is much larger
than that of K1, assigning type 2 resource (C2 =
100) to type 2 customers gives the manager a better
chance to use more of type 2 resource.
This example illustrates how variability in the
arrival rate (in addition to its expected value) plays
an important role in determining an optimal
resource allocation. The optimal allocation is determined by considering the trade-oﬀ between the risk
of unsatisﬁed demand versus underutilized capacity,
both of which depend on the mean and the variance
of the arrival rate. Thus, a greedy approach that
assigns capacities based on an ordering of means
is not necessarily optimal. Nevertheless, we can still
characterize the structure of an optimal solution
and show that it is of a threshold type. For this purpose, we brieﬂy review the deﬁnition of stochastic
orders; see, for instance, pages 404–405 in Ross
(1996). For two random variables X and Y, we
say X is stochastically larger than Y, written
X P stY, if
PrfX > tg P PrfY > tg

for all t:
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It is straightforward to check that a negative binomial random variable increases stochastically in its
ﬁrst parameter, and decreases stochastically in its
second parameter. Then, from Eq. (5), it follows
that Mi(t, j) increases stochastically in j and decreases stochastically in t.

E½minðM 2 ðt; b2 Þ; C 2  b2 Þ  minðM 2 ðt; b2 Þ; C 1  b2 Þ
6 E½minðM 2 ðt; b2 þ 1Þ; C 2  b2 Þ

Theorem 1. Let {Ni(t), 0 6 t 6 T} denote the arrival
process of type i customers, with arrival rate Ki,
i = 1, 2, and assume that each Ki, i = 1, 2, follows an
independent gamma distribution with parameters
ki > 0 and ai > 0. In the single-decision setting, a
threshold-type policy suffices to be optimal. That is, if
the (C1 + 1)st type 1 (or 2) customer arrives before
the (C1 + 1)st type 2 (or 1) customer, say at time t,
then it is optimal to accept the arriving customer if
N2(t) 6 h2(t) (or N1(t) 6 h1(t)), where hi(t), i = 1, 2,
are the threshold functions.

The ﬁrst inequality follows because for y > z, min(x, y)  min(x, z) increases in x and that M2(t,
b2 + 1) is stochastically larger than M2(t, b2). The
second inequality follows because for y > z, min(x, y)  min(x, z) 6 min(x, y  1)  min(x, z  1).
Therefore, Eq. (8) increases in b2 and the proof is
completed. h

Proof. Suppose that the (C1 + 1)st customer of type
1 arrives at time t, at which point the number of
type 2 customers, denoted by b2, is smaller than or
equal to C1. The expected total number of sales if
the manager accepts the arriving type 1 customer
and allocates the larger capacity C2 to type 1 customers is equal to
C 1 þ 1 þ E½minðM 1 ðt; C 1 þ 1Þ; C 2  C 1  1Þ þ b2
þ E½minðM 2 ðt; b2 Þ; C 1  b2 Þ;
ð6Þ
while the expected total number of sales if the manager rejects the arriving type 1 customer and allocates the larger capacity C2 to type 2 customers is
equal to
C 1 þ b2 þ E½minðM 2 ðt; b2 Þ; C 2  b2 Þ:

ð7Þ

The optimal expected sales in the single-decision setting is given by the maximum of Eqs. (6) and (7). To
show that the optimal policy is of a threshold type,
it is suﬃcient to show that the diﬀerence in expected
number of sales between rejecting and accepting increases in b2. In other words, we need to show that
the difference between Eqs. (7) and (6)
E½minðM 2 ðt; b2 Þ; C 2  b2 Þ

 minðM 2 ðt; b2 þ 1Þ; C 1  b2  1Þ:

Because Mi(Æ, Æ), i = 1, 2, are negative binomial
random variables whose probability mass functions
can be calculated according to Eq. (5), Eqs. (6) and
(7) can be straightforwardly evaluated. Consequently, the optimal policy in the single-decision setting can be calculated explicitly, as will be done
numerically in Section 5.
Proposition 1. Let {Ni(t), 0 6 t 6 T} denote the
arrival process of type i customers, with arrival rate
Ki, i = 1, 2, and assume that each Ki, i = 1, 2, follows an
independent gamma distribution with parameters
ki > 0 and ai > 0. If k1 P k2 and a1 6 a2, then it is
always optimal to accept the (C1 + 1)st type 1 customer
as long as type 2 resource has not been assigned to type
2 customers. In other words, h2(t) = C1 for t 2 [0, T].
Proof. Suppose that the (C1 + 1)st customer of type
1 arrives at time t, at which point the number of
type 2 customers, denoted by b2, is smaller than or
equal to C1. Because a negative binomial distribution increases stochastically in its ﬁrst parameter
and decreases stochastically in its second parameter,
we have that
M 1 ðt; C 1 þ 1Þ Pst M 1 ðt; b2 Þ Pst M 2 ðt; b2 Þ;
where the ﬁrst inequality follows because C1 + 1 >
b2, and the second follows because k1 P k2 and
a1 6 a2.
The expected number of sales if the manager
accepts the (C1 + 1)st type 1 customer is equal to
C 1 þ E½minð1 þ M 1 ðt; C 1 þ 1Þ; C 2  C 1 Þ þ b2
þ E½minðM 2 ðt; b2 Þ; C 1  b2 Þ

 E½minð1 þ M 1 ðt; C 1 þ 1Þ; C 2  C 1 Þ
 E½minðM 2 ðt; b2 Þ; C 1  b2 Þ

 minðM 2 ðt; b2 þ 1Þ; C 1  b2 Þ
6 E½minðM 2 ðt; b2 þ 1Þ; C 2  b2  1Þ

ð8Þ

increases in b2. To do so, consider a sequence of
inequalities

P C 1 þ E½minðM 2 ðt; b2 Þ; C 2  C 1 Þ þ b2
þ E½minðM 2 ðt; b2 Þ; C 1  b2 Þ
P C 1 þ b2 þ E½minðM 2 ðt; b2 Þ; C 2  b2 Þ;
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where the ﬁrst inequality follows because
M1(t, C1 + 1) is stochastically larger than M2(t, b2),
and the second follows from the identity that
min(x, y) + min(x, z) P min(x,y + z) for any three
numbers x, y, and z. The proposition then follows
because the last equation represents the expected
number of sales if the manager rejects the arriving
type 1 customer and assigns the larger capacity C2
to type 2 customers. h
Corollary 1. Let {Ni(t), 0 6 t 6 T} denote the arrival
process of type i customers, with arrival rate Ki,
i = 1, 2, and assume that each Ki, i = 1, 2, follows an
independent gamma distribution with parameters
ki > 0 and ai > 0. Suppose that K1 and K2 have the
same coefficient of variation, then if E[K1] P E[K2],
it is always optimal to accept the (C1 + 1)st type 1
customer as long as type 2 resource has not been
assigned to type 2 customers.
Proof. The condition is equivalent to
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1
k2
k 1 =a21
k 2 =a22
¼
and
P ;
k 1 =a1
k 2 =a2
a1
a2
which is equivalent to k1 = k2 and a1 6 a2. The result then follows from Proposition 1. h
While our numerical example demonstrates that,
when E[K1] > E[K2], it is not always optimal to
assign the larger capacity to type 1 customers even
if its number reaches C1 + 1 ﬁrst, Proposition 1
establishes a dominance relationship between K1
and K2 when the preceding is indeed the case. In
practice, coeﬃcients of variation of the arrival rate
measure the quality of the demand forecast, so it
is often reasonable to assume that they are the same
(or close) for diﬀerent demand types. In this case,
Corollary 1 guarantees that if E[K1] > E[K2], then
it is always optimal to accept the (C1 + 1)st type 1
customer as long as the larger capacity has not been
assigned to type 2 customers.
4. Repeated-decision setting
In this section, we consider a setting in which an
earlier rejection of a customer does not prevent the
manager from accepting a later customer of the
same type (i.e., we relax Assumption A1). Consequently, this setting allows the manager to postpone
the capacity commitment time beyond that in the
single-decision setting (which happens if the manager chooses to reject the ﬁrst (C1 + 1)st customer
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of either type). Observe that the allocation decision
can no longer be postponed when (C1 + 1) customers of a type is admitted. This policy is suitable when
the sale takes place exclusively over the phone or on
the Internet, because a rejected customer will not
learn about whether a later customer of the same
type is accepted for service.
Because the manager can postpone the commitment decision when he rejects a customer, it seems
suitable to use continuous-time dynamic programming to formulate the problem. However, such a
dynamic programming formulation is not mathematically tractable because customer arrival
processes do not have independent increments –
customer arrival rates K1 and K2 are random variables whose posterior probability distributions
depend not only on the number of customers
arrived but also on the time elapsed. For that reason, the state transition density function becomes
too complicated, and it is not likely that we can
derive the optimal policy from the optimality equation. Hence, we develop a heuristic policy in which
the manager repeatedly applies the capacity allocation rule of the single-decision setting (given in Theorem 1) until he admits the (C1 + 1)st customer of
either type (hence determining the capacity allocation decision).
More speciﬁcally, as in the single-decision setting, if both N1(t) and N2(t) are smaller than or
equal to C1, then it is obviously optimal to accept
either type of customer. The manager needs to make
a nontrivial decision for a type i customer arriving
at time t only if the current number of bookings
of type i customers is equal to C1, while that of
the other type is smaller than or equal to C1, for
i = 1, 2. As stated above, at these decision epochs,
we propose the following heuristic policy, which
accepts an arriving type i customer, if assigning
the larger capacity to type i customers yields a
higher expected total sales than assigning it to the
other type of customers. In other words, with this
heuristic policy, the manager accepts the arriving
type i,i = 1, 2, customer at time t if
1 þ E½minðM i ðt; N i ðtÞÞ; C 2  C 1  1Þ
þ E½minðM 3i ðt; N 3i ðtÞÞ; C 1  N 3i ðtÞÞ
P E½minðM 3i ðt; N 3i ðtÞÞ; C 2  N 3i ðtÞÞ;
otherwise, the manager rejects the arriving type i
customer. In practice, the manager may need to apply this comparison several times before ﬁnally
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accepting a new customer to complete the capacity
allocation decision.
In what follows, we refer to this heuristic policy
as the repeated-decision heuristic (RDH) policy. To
evaluate the performance of the RDH policy, which
we will do numerically in Section 5, we next derive
an upper bound on the expected total number of
sales in any policy.
Proposition 2. Let {Ni(t),0 6 t 6 T} denote the
arrival process of type i customers, with arrival rate
Ki, i = 1, 2, and assume that each Ki, i = 1, 2, follows
an independent gamma distribution with parameters
ki > 0 and ai > 0. An upper bound on the expected
sales in any policy is given by
E½min fminfN 1 ðT Þ; N 2 ðT Þg; C 1 g
þ minfmaxfN 1 ðT Þ; N 2 ðT Þg; C 2 g
1 X
1
X
¼
fðminðC 1 ; minðj; kÞÞ
j¼0

of k2 and C2, over 10–20 and 60–150, respectively.
Recall that for a given a2, as k2 increases, both the
expected value and variance of K2 increase (see
Eq. (1)). In each setting, we simulate 10,000 replications so that the standard errors are within
±0.001% of the estimators. Speciﬁcally, for each
problem instance, we generate a sample path of
demand arrival times and dynamically update the
arrival rate forecasts based on the demand realized
over time. When considering the single-decision setting, upon arrival of the ﬁrst (C1 + 1)st customer of
either type, we calculate the required threshold
function, hi(t), i = 1 or 2, t 2 [0, . . . , T], and use the
optimal policy in Theorem 1 to decide whether or
not to accept the current arriving customer. Our
numerical results are reported in Tables 1–3 and
Figs. 1–4; all tables and ﬁgures are relegated to
the Appendix.
Our numerical study leads to the following
insights.

k¼0

þ minðC 2 ; maxðj; kÞÞÞPrðN 1 ðT Þ ¼ jÞ
 PrðN 2 ðT Þ ¼ kÞg:
Proof. The above expression is an upper bound on
the expected sales, because it is what can be
achieved if the capacity allocation can be decided
after the realization of the random demands. h
5. Numerical experiments
In this section, we present the numerical experiments. For each numerical experiment, we determine the average number of sales in four
strategies: (1) no decision postponement, (2) the
SDO policy in the single-decision setting, (3) the
RDH policy in the repeated-decision setting, and
(4) the upper bound in Proposition 2. Our numerical
experiments are designed to answer the following
questions.
1. What is the value of postponing the capacity allocation decision?
2. How eﬀective is the heuristic policy in the
repeated-decision setting?
3. What is the additional value of moving from the
single-decision setting to the repeated-decision
setting?
In our numerical experiments, we consider C1 =
50, a1 = a2 = 1, k1 = 10, T = 5, and vary the values

1. The value of postponement. We compare the average sales of no decision postponement and
postponement in the single-decision setting (see
Table 1). The beneﬁt of the single-decision setting
varies depending on the parameters, and reaches
its highest when K1 and K2 have the same distribution and when C2  C1. Intuitively, when K1
and K2 have the same distribution, the manager
who makes the allocation decision at time 0 will
make the ‘‘right’’ decision only half of the time.
Allowing the allocation decision to be postponed
can signiﬁcantly increase this probability. If K1
and K2 have much diﬀerent distributions, say
E[K1]  E[K2], then assigning the larger capacity
to type 1 customers at time 0 may turn out to be
the right decision most of the time, so postponing
does not provide much beneﬁt. Similarly, when
C1 and C2 are close, it does not make much difference to postpone the decision. In our numerical experiments, the decision postponement can
bring as much as 5% increase in the number of
sales. In industries where proﬁt margins are thin,
an increase of even 1% in revenue can translate
into a large increase in proﬁt.
2. The eﬀectiveness of the RDH policy in the
repeated-decision setting. In all numerical experiments tested, we ﬁnd that the expected sales from
the RDH policy is at least 99.88% of the upper
bound (see Table 2). Not only does this observation imply that our heuristic policy is very eﬀective, it also suggests that the optimal policy in
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the repeated-decision setting – even if we could
determine it – would not improve much beyond
our heuristic policy.
3. The diﬀerence between the single- and repeateddecision settings. Our numerical experiments suggest that the performance of the SDO policy and
the RDH policy are very similar. In all cases
tested, the SDO policy generates at least 99.97%
of the revenue of the RDH policy (see Table 3).
This observation suggests that the simple singledecision rule contains most of the beneﬁts from
decision postponement, and can be very eﬀective
to hedge against forecast error and demand
variability.
In addition, our numerical study indicates the
following.
• For a given capacity C2, the average sales for all
policies is concave increasing in k2 (see Fig. 1).
This is because as k2 increases, not only the
expected value of K2 increases, but also its variability increases. In addition, since capacity is
ﬁxed, demand in excess of capacity cannot be
accepted and does not aﬀect sales. As a result,
the average sales function exhibits diminishing
returns as k2 increases.
• For a given k2, the average sales for all policies is
concave increasing in C2 (see Fig. 2). Intuitively,
a very high C2 (compared to expected demands)
does not necessarily translate into a higher sales,
since it will not ﬁnd enough demand to satisfy.
• For a given capacity C2, the percent increase in
average sales in both the single- and repeateddecision settings and the upper bound (over no
postponement) is convex decreasing in k2 (see
Fig. 3). As k2 increases, the expected values of
the two demand streams become more diﬀerent
(i.e., E[K2]  E[K1] increases). However, this
comes at the expense of an increased variability
(Var(K2) > Var(K1)), which explains the convex
decreasing part.
• For a given k2, the percent increase in average
sales in both the single- and repeated-decision
settings and the upper bound (over no postponement) is concave increasing in C2 (see Fig. 4).
This again is because a very high C2 does not necessarily translate into a higher sales. In addition,
as C2 increases, the average sales in the no postponement policy increases further, and the same
deviation from it will give a smaller percent
change, and hence the concavity.
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6. Discussion, conclusions, and future research
directions
In this paper, we study the beneﬁt of an indivisible resource ﬂexibility structure under demand forecast uncertainty and demand variability. Resource
ﬂexibility allows the revenue manager to delay the
resource allocation decision to a time when more
information on the demand distributions is gathered
and demand uncertainty is reduced. Considering a
simple two-resource two-demand-type model with
forecast error, we characterize the structure of the
optimal delayed resource allocation policy. Our
ﬁndings suggest that a simple threshold policy,
which consists of at most one decision epoch, can
be quite eﬀective in hedging against demand forecast error and variability. Its revenue beneﬁt can
be signiﬁcant, especially when demand rate forecasts are close and resource capacities are much
diﬀerent.
Our model is rather stylized and generic, with
only two resources and two demand streams, and
our results come with some limitations, as we make
some simplifying assumptions such as no cancelation, no consumer-driven substitution, and exogenous pricing. Below we discuss the implications of
these three main assumptions.
1. No cancelation. We assume that all customers
who have purchased their tickets will show up
at the time of service. In reality, cancelations do
occur occasionally over time, and canceling customers may either get no refund, partial refund,
or full refund, depending on when they cancel.
In any case, including cancelations in our model
will only increase the value of capacity postponement, because the ﬁrm can switch its capacity
allocation back and forth based on the real-time
demand taking into account cancelations.
2. No consumer-driven substitution. We assume that
a consumer does not switch to a diﬀerent service
type if her desired service type is unavailable. In
reality, this assumption need not always be true.
For instance, a person may be willing to see
another movie if her top choice is sold out. With
consumer-driven substitution, the no postponement strategy would be able to recapture more
demand (that would have been lost otherwise)
than the two postponement strategies, because
the postponement strategies are designed to
recapture some lost demand in the ﬁrst place.
The postponement strategies would still generate
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more revenue, but the diﬀerence would be less.
Nevertheless, the postponement strategies would
allow more customers to receive their most preferred service than the no postponement strategies, whose value is more diﬃcult to quantify.
3. Exogenous pricing. In our model, we assume that
the prices are exogenously determined. In reality,
the ﬁrm may have some control over the price,
and can use it to its advantage to better ﬁt
demands to capacities. If the demand is not elastic
in its price, then our model can be a good approximation; otherwise, the relation between price and
demand needs to be speciﬁcally modeled, which is
beyond the scope of this paper. Another interesting extension is to allow a ﬁrm to change its product in real time. Such practice has the potential to
increase the revenue even more.
As a future research direction, it would be interesting to relax the above three assumptions as well
as analyze the case with multiple (>2) resources
and demand streams.
We next discuss the implications of our ﬁndings
to other service industries that have diﬀerent types
of resource ﬂexibility structure. For example, consider the assignment of tourist guides to tour
groups, nurses to patients, lawyers or consultants
to clients, operating rooms in a hospital to patients
requiring surgery, etc. In all these examples,
resources (tourist guides, nurses, etc.) have diﬀerent
specialties, and each customer (tour groups,
patients, etc.) has diﬀerent requirements for
resources. For instance, a Japanese tour group
may require a tourist guide who is ﬂuent in Japa-

nese. Thus, some resources may be ﬂexible in that
they may possess skills required by diﬀerent types
of customers. However, resources are not indivisible
as discussed here, since all tour guides of a given
type (e.g., who are ﬂuent in Japanese) need not be
assigned to the same tour group. These situations
have been studied in the literature as discussed in
Section 1, and are diﬀerent from our model. Our
approach provides a diﬀerent perspective on
resource ﬂexibility and contributes to this research
area in a broad sense.
Finally, in this paper, we consider only the revenue side of the decision postponement. In practice,
however, there are several costs associated with
postponing the allocation decision, such as the loss
of goodwill, the monetary cost of changing the current assignment, and the risk of not completing the
swap on time. Taking into account these costs
would provide a comprehensive cost-beneﬁt analysis. However, these costs are diﬃcult to quantify
in practice, and additional research is needed to
understand these issues.
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Table 1
Average percent deviation of the upper bound, the RDH policy, and the SDO policy over the no decision postponement case (with two
decimal-point accuracy)
E[K2]
C2|k2

10
10

60
70
80
90
100
110
120
130
140
150

2.51,
4.10,
4.86,
5.19,
5.35,
5.41,
5.43,
5.44,
5.44,
5.44,

11
11
2.49, 2.49
4.05 , 4.04
4.81, 4.79
5.13, 5.12
5.28, 5.27
5.35, 5.33
5.35, 5.35
5.36, 5.36
5.36, 5.36
5.36, 5.36

2.06,
3.41,
4.11,
4.44,
4.58,
4.63,
4.64,
4.65,
4.66,
4.66,

12
12
2.04,
3.37,
4.06,
4.36,
4.51,
4.54,
4.56,
4.56,
4.57,
4.57,

C1 = 50, a1 = a2 = 1, k1 = 10, T = 5.

2.04
3.36
4.04
4.36
4.49
4.54
4.56
4.56
4.57
4.57

1.55,
2.70,
3.34,
3.63,
3.74,
3.77,
3.79,
3.79,
3.79,
3.79,

14
14
1.54,
2.65,
3.29,
3.58,
3.66,
3.68,
3.69,
3.69,
3.69,
3.69,

1.54
2.65
3.26
3.54
3.64
3.68
3.69
3.69
3.69
3.69

0.86,
1.53,
1.97,
2.19,
2.28,
2.31,
2.32,
2.32,
2.32,
2.32,

16
16
0.84,
1.48,
1.89,
2.09,
2.16,
2.19,
2.20,
2.21,
2.21,
2.21,

0.84
1.48
1.89
2.08
2.16
2.19
2.20
2.21
2.21
2.21

0.39,
0.78,
1.06,
1.22,
1.28,
1.30,
1.31,
1.31,
1.31,
1.31,

18
18
0.38,
0.74,
0.97,
1.11,
1.17,
1.19,
1.19,
1.19,
1.19,
1.19,

0.38
0.74
0.97
1.11
1.17
1.18
1.18
1.19
1.19
1.19

0.16,
0.36,
0.55,
0.66,
0.71,
0.73,
0.73,
0.73,
0.73,
0.73,

20
20
0.15,
0.33,
0.49,
0.58,
0.64,
0.66,
0.66,
0.67,
0.67,
0.67,

0.15
0.33
0.48
0.58
0.62
0.63
0.64
0.64
0.64
0.64

0.05,
0.14,
0.24,
0.30,
0.33,
0.34,
0.34,
0.34,
0.34,
0.34,

0.05,
0.12,
0.20,
0.24,
0.27,
0.29,
0.29,
0.29,
0.29,
0.29,

0.05
0.12
0.20
0.24
0.26
0.27
0.27
0.27
0.27
0.27
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Table 2
Ratios of the average sales of (i) the RDH policy to the upper bound, and (ii) the SDO policy to the upper bound (with four decimal-point
accuracy)
E[K2]
C2|k2

10
10

11
11

12
12

14
14

16
16

18
18

20
20

60
70
80
90
100
110
120
130
140
150

0.9998
0.9995
0.9993
0.9993
0.9992
0.9992
0.9992
0.9992
0.9992
0.9992

0.9998
0.9995
0.9993
0.9992
0.9992
0.9992
0.9991
0.9991
0.9991
0.9991

0.9998
0.9995
0.9992
0.9991
0.9991
0.9991
0.9990
0.9991
0.9990
0.9990

0.9998
0.9995
0.9991
0.9990
0.9989
0.9989
0.9989
0.9989
0.9989
0.9989

0.9999
0.9995
0.9991
0.9989
0.9988
0.9988
0.9988
0.9988
0.9988
0.9988

0.9999
0.9997
0.9994
0.9992/0.9991
0.9992/0.9991
0.9993/0.9991
0.9993/0.9991
0.9994/0.9991
0.9994/0.9991
0.9994/0.9991

1.0000
0.9998
0.9996
0.9994
0.9993
0.9994/0.9993
0.9995/0.9993
0.9995/0.9993
0.9995/0.9993
0.9995/0.9993

When the two ratios are the same, they are reported by one number; when they are diﬀerent, they are reported in the form of x/y, where x
corresponds to the ﬁrst ratio, and y to the second ratio; C1 = 50, a1 = a2 = 1, k1 = 10, T = 5.

Table 3
Ratio of the average sales of the SDO policy to that of the RDH policy (with four decimal-point accuracy)
E[K2]
C2|k2

10
10

11
11

12
12

14
14

16
16

18
18

20
20

60
70
80
90
100
110
120
130
140
150

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000
1.0000

1.0000
1.0000
1.0000
0.9999
0.9999
0.9998
0.9997
0.9997
0.9997
0.9997

1.0000
1.0000
1.0000
1.0000
0.9999
0.9998
0.9998
0.9998
0.9998
0.9998

C1 = 50, a1 = a2 = 1, k1 = 10, T = 5.

a

Average Sales under the Different Settings
(C2=60)
105.00

b

130.00

95.00

the SDO policy
the RDH policy
upper bound
no postponement

90.00
85.00

Average Sales

100.00
Average Sales

Average Sales under theDifferent Settings
(C2=100)
140.00

120.00
the SDO policy
the RDH policy
upper bound
no postponement

110.00
100.00
90.00

80.00

80.00
10

12

14 16
k2

18

20

10

12

14

16 18
k2

Fig. 1. Average sales under diﬀerent values of C2: (a) C2 = 60; (b) C2 = 100.
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a

Average Sales under the Different Settings
(k2=10)
100.00

150.00

98.00

140.00

96.00
94.00

92.00

the SDO policy
the RDH policy
upper bound
no postponement

90.00
88.00

Average Sales

Average Sales

Average Sales under the Different Settings
(k2=20)

b

130.00
120.00
110.00

the SDO policy
the RDH policy
upper bound
no postponement

100.00
90.00
80.00

60
70
80
90
10
0
11
0
12
0
13
0
14
0
15
0

60
70
80
90
10
0
11
0
12
0
13
0
14
0
15
0

86.00
C2

C2

Fig. 2. Average sales under diﬀerent values of k2: (a) k2 = 10; (b) k2 = 20.

Percent deviation from no postponement
(C2=60)
2.5
upper bound
2
the RDH policy
the SDO policy

1.5
1
0.5
0
10

12 14

16 18

Percent deviation from no postponement
(C2=100)

b
Percent deviation from no
postponement

Percent deviation from no
post ponement

a

5

upper bound

4

the RDH policy
the SDO policy

3
2
1
0

20

10

k2

12

14 16 18
k2

20

Fig. 3. Percent deviation of the SDO policy, the RDH policy, and the upper bound from no postponement under diﬀerent values of C2: (a)
C2 = 60; (b) C2 = 100.

5.5
5
4.5
upper bound

4
3.5

the RDH policy

3

theSDO policy

2.5

Percent deviation from no postponement

b
Percent deviation from no
postponement

(k2=20)

0.4
0.35
0.3
0.25

upper bound

0.2
0.15

the RDH policy

0.1

theSDO policy

0.05
0

2

C2

60
70
80
90
10
0
11
0
12
0
13
0
14
0
15
0

6

Percent deviation from no postponement
(k2 =10)

60
70
80
90
10
0
11
0
12
0
13
0
14
0
15
0

Percent deviation from no
postponement

a

C2

Fig. 4. Percent deviation of the SDO policy, the RDH policy, and the upper bound from no postponement under diﬀerent values of k2: (a)
k2 = 10; (b) k2 = 20.
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