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USING SHIFTING MASSES TO REJECT AERODYNAMIC
PERTURBATIONS AND TO MAINTAIN A STABLE ATTITUDE IN

VERY LOW EARTH ORBIT

Josep Virgili-Llop∗, Halis C. Polat† and Marcello Romano‡

The aerodynamic forces are the main orbital and attitude perturbations at very low
orbital altitudes (.450 km). To minimize them, it is desirable to design spacecraft
with their center-of-mass (CoM) as close as possible to the spacecraft’s center-of-
pressure (CoP). Design constraints, poorly understood aerodynamics and environ-
ment variability, prevent this CoP and CoM match. The use of internal shifting
masses, actively changing the location of the spacecraft CoM, and thus modu-
lating, in direction and in magnitude, the aerodynamic torques is proposed as a
method to reject these disturbances. First, the equations of motion of a spacecraft
with internal moving parts are revisited. The atmospheric environment and the
aerodynamic properties of a spherically shaped spacecraft are then provided. A
single-axis controller is used to analyze the disturbance rejection capability of the
method with respect to several parameters (shifting mass, shifting range and alti-
tude). This analysis shows that small masses and a limited shifting range suffice if
the nominal CoM is relatively close to the estimated CoP. For the full three rota-
tional degrees-of-freedom analysis, a quaternion feedback controller and a linear-
quadratic regulator are used. Finally, a practical implementation on a 3U CubeSat
using commercial-off-the-shelf components is provided, demonstrating the tech-
nological feasibility of the proposed method.

INTRODUCTION

Operating at lower altitudes can provide several benefits to Earth observation missions.1, 2 By
lowering the operational altitude, the resolution of a given optical instrument, the radiometric per-
formance of the sensor and the geospatial accuracy of the imagery are improved. For radar payloads,
either the antenna size or the transmission power can be decreased. Furthermore, the launcher can
usually deliver more payload at lower altitude orbits or, for a given spacecraft mass, a smaller and
potentially more cost-effective launcher can be used. Although the orbital decay caused by aerody-
namic drag is perceived as the main drawback of these very low altitude orbits, some studies suggest
that the cost-effectiveness of the system can be increased by reducing the operational altitude.3

The presence of strong aerodynamic forces can also be an advantage. As the lifetime is reduced,
there is no need to de-orbit spacecraft at their end-of-life. Space debris also decay at a faster rate,
reducing the collision risk and greatly increasing the required object density to generate a Kessler
syndrome runaway.4 Furthermore, the aerodynamic forces can also be used for attitude and orbit
control.5–10
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Despite the aerodynamic forces potential use, for certain missions it may be desirable to mini-
mize their perturbations. An effective and conceptually simple measure to lower the aerodynamic
forces for a given operational altitude is to reduce the spacecraft’s cross section area exposed to the
incident flow. For this very reason, vehicles operating at very low altitudes tend to be slender.11, 12

To minimize the attitude perturbation it is also desirable to design spacecraft with their center-of-
mass (CoM) as close as possible to the spacecraft’s center-of-pressure (CoP), minimizing the force
lever arm and reducing the disturbance torque. The CoP location is uncertain as spacecraft aero-
dynamics are not well understood13, 14 and due to environment variability.15, 16 Additional practical
design constrains on the location of the CoM make the realization of an overlapping CoP and CoM
impossible in practice.

The orbit range commonly known as Low Earth Orbit (LEO) is usually defined as those orbits
whose mean altitude extends up to 2000 km.17, 18 As the aerodynamic forces are only dominant in
the lower part of the LEO range the term Very Low Earth Orbits (VLEO) is used in this paper to
make clear that the considered orbit range only extends up to ∼450 km in altitude.1, 2

Attitude perturbations can be compensated for by using traditional attitude control actuators. At
very low altitudes the aerodynamic disturbance magnitude can be significant and can present a sec-
ular component. In this paper, the use of a set of internal shifting masses, actively changing the
location of the spacecraft CoM, and thus modulating, in direction and in magnitude, the aerody-
namic torques is proposed as a method to stabilize a spacecraft.

This method is not proposed as a complete substitute to traditional actuators but rather as a com-
plement. When the shifting masses reject the aerodynamic disturbances the use of other actuators is
reduced, potentially delaying their saturation, and potentially saving power and mass.

The use of shifting masses as attitude control actuators has already been proposed in the past
to help detumble spacecraft,19, 20 control the coning motion of a spinning spacecraft,21–23 control
the pitch and yaw of solar-sails24–26 and, in general, to complement traditional attitude control
actuators.27–29

Of particular interest is the work by Chesi30 who proposes the use of aerodynamic drag to gen-
erate attitude control torques modulated in magnitude and direction by actively shifting a set of
internal masses. As the aerodynamic torque is perpendicular to the aerodynamic force (i.e. to the
relative flow vector), the system is under-actuated and it needs to be augmented by other actuators.
Although that particular work, simplifies the dynamic effects of the shifting masses, ignores the
variable nature of the Earth’s atmosphere and assumes that the aerodynamic properties are known
and constant, it shows the conceptual feasibility of using shifting masses to control the aerodynamic
torques. In particular, it shows that by using a set of three shifting masses augmented by reaction
wheels or magnetic torquers and using an adaptive non-linear feedback control law, a spacecraft
can be slowly brought, from any initial attitude and angular velocity, to a desired attitude while
minimizing the use of the reaction wheels or magnetic torquers.

The work presented in this paper builds upon the original concept by Chesi and proposes the
use of shifting masses to reject the aerodynamic disturbances and stabilize the spacecraft’s attitude,
considering the variability and uncertainty of the atmosphere and of the aerodynamic properties.
Furthermore, by exploiting the ability to control the aerodynamic torques, other disturbances, such
as gravity-gradient, residual magnetic dipole, and solar radiation pressure can also be partially com-
pensated helping further reduce the use of traditional actuators to keep the spacecraft stable.

To keep the analysis as general as possible, a spherically shaped spacecraft will be assumed.
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Although it may seem that this is a simplistic case, a spheric shape can already be used to illustrate
the uncertainty on the aerodynamic properties without dwelling into specific shapes.

This paper is organized as follows. First, the equations of motion of a spacecraft with internal
moving parts are revisited.19, 31 The uncertain nature of the aerodynamic disturbance caused by a
variable atmosphere and the uncertain aerodynamics is then presented. A one rotational degree-of-
freedom reduced model with one shifting mass driven by a Proportional-Integral-Derivative con-
troller (PID) is then introduced. The disturbance rejection capability of the system with respect
to several parameters (shifting mass, shifting range and operating altitude) is explored, showing
that small masses and limited shifting ranges suffice if the nominal CoM is relatively close to the
estimated CoP. The yaw rotation axis is used for the reduced model as the primary effects of at-
mospheric co-rotation and wind are on this axis. A full three degrees-of-freedom case with two
shifting masses driven by a quaternion feedback based controller moving along the pitch and yaw
axes and augmented by an ideal actuator in roll is later examined. Finally, a practical implemen-
tation, only using Commercial-Off-The-Shelf (COTS) components, on a 3U CubeSat and using a
Linear Quadratic Regulator (LQR) controller is presented. This demonstrates that it is technically
feasible to implement such a control method in nanosatellites.

MASS AND INERTIA MODEL

The spacecraft hosting the shifting masses (host spacecraft) is assumed to be a homogeneous
density sphere with a discrete fixed point mass. This discrete fixed mass allows to displace the CoM
of the host spacecraft from the sphere’s geometric center. A homogeneous density sphere mass is
MS = ρS4/3πR

3 and its inertia IS = ρs8/15πR
5, with ρS denoting the sphere’s density and R its

radius. The discrete mass MP = κMS can be expressed as a mass fraction κ with respect to the
sphere’s mass Ms. The total mass of the host vehicle is then M0 =MS (1 + κ).

Let the host spacecraft’s CoM define the origin of the spacecraft’s body axes B0 with the fixed
point mass located along the roll axis î as depicted in Figure 1. If the distance between the point
mass and the sphere’s center is denoted by dMP

, the combined inertia of the host vehicle I0 can
be computed using Eq. (1). If dMP

> 0 the CoM will be located in the positive side of î and if
dMP

< 0 then the CoM will be in the negative side of î.

I0 = IS +
MS (1 + κ)

κ

 0 0 0

0 d2
MP

0

0 0 d2
Mp

 (1)

Note that the host spacecraft is symmetric with respect to the roll axis î and thus the definition of
the pitch ĵ and yaw k̂ axes is arbitrary. The goal of the control is then to align the body axes B0

with the orbital frame.

To this host vehicle, whose mass and inertia properties are fixed, known and constant, a set of N
internal shifting masses mn is added, altering the mass, CoM location and inertia of the resulting
combined system. The general arrangement of the system is shown in Figure 1. As the body
reference frame is defined with respect to the CoM of the host spacecraft (excluding the shifting
masses) the combined system’s CoM (including the shifting masses) will not be located at the origin
of the body reference frame B0.
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Figure 1. Schematics of the Spheric Spacecraft, with the Fixed Mass and the Shifting Masses .

DYNAMIC MODEL

The equations of motion for a system of connected rigid bodies will be used in order to take
into account the dynamic effects of the shifting masses. This fundamental equation is given by Eq.
(2).19, 31

τ = Ḣ + S × a (2)

In Eq. (2) τ denotes the external torques applied at the reference point, Ḣ is the time derivative of
the system’s angular momentum, S is the system’s first moment of mass with respect the reference
point and a denotes the inertial acceleration of the reference point. This reference point is considered
to be arbitrary and moving in an arbitrary manner. It is interesting to note that if the acceleration of
the reference point is zero (a = 0) or if the reference point is selected as the system’s CoM (S = 0)
then the usual expression τ = Ḣ is recovered.

Without loss of generality, the host vehicle CoM (origin ofB0) will be used as the reference point.
This assumption is useful, as by definition, the host vehicle mass M0 and inertia I0 are constant in
B0 and as the movement of the shifting masses is known with respect to the host spacecraft.

The N shifting masses have their own reference frames Bn, with their origin in their own CoM
and with arbitrary orientation. The inertia of the shifting masses in Bn will be denoted as IBn

n and
in B0 will be denoted as simply In.

The location of Bn with respect to B0 will be denoted as rn. The ṙn and r̈n terms will denote the
inertial linear velocity and acceleration of the shifting mass in B0 and ω0 the angular velocity of the
B0. The inertial angular velocity of the shifting mass ωn can be computed as in Eq. (3), with ωBn

n

being the relative angular velocity of the shifting mass reference Bn with respect to the host vehicle
reference B0.

ωn = ω0 + ωBn
n (3)

In such a multiple body system, the total angular momentum H is composed of the sum of the host
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vehicle and shifting masses angular momentum as shown in Eq. (4).

H = H0 +
N∑
n=1

Hn (4)

H0 = I0ω0 (5)

Hn = Inωn +mnrn × ṙn (6)

The linear inertial velocity of the shifting mass ṙn can be simply computed using the following
equation, with ṙ′n being the relative velocity of the shifting mass in B0.

ṙn = ṙ′n + ω0 × rn (7)

To use Eq. (2) the angular momentum needs to be differentiated. Deriving Eq. (4) it follows that the
total angular momentum time derivative is the sum of the host vehicle and shifting masses angular
momentum time derivatives.

Ḣ = Ḣ0 +
N∑
n=1

Ḣn (8)

Ḣ0 = I0ω̇0 + ω0 ×H0 (9)

Ḣn = Inω̇n + ωn ×Hn +mnrn × r̈n (10)

ω̇n = ω̇0 + ω̇Bn
n (11)

The inertial acceleration of the shifting masses can be written as follows.

r̈n = ω0 × (ω0 × rn) + ω̇0 × rn + 2ω0 × ṙ′n + r̈′n (12)

Note how ṙ′n and r̈′n are the relative velocities and accelerations of shifting masses and thus can be
measured and known. The first moment of mass is then defined as follows.

S =
N∑
n=1

mnrn (13)

The inertial acceleration of the reference point (origin of B0) can then be written as follows.

a = r̈0 = r̈c − r̈ (14)

The r̈ term denotes the acceleration of the system’s CoM with respect to B0 (the relative movement
of the system’s CoM) and r̈c is the inertial acceleration of the system’s CoM (due to the external
forces F ). This r̈c acceleration can be easily computed using Newton’s second law and r̈ is obtained
by computing the relative CoM acceleration.

r̈c =
F

M +
∑N

n=1mn

(15)

r̈ =

∑N
n=1mnr̈n

M +
∑N

n=1m
(16)
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With the equations above, Eq. (2) can be expanded as in Eq. (17).

I0ω̇0 + ω0 × I0ω0 +
N∑
n=1

Inω̇n +
N∑
n=1

ωn × (Inωn +mnrn × ṙn) +
N∑
n=1

(mnrn × r̈n) + ...

...+
1

M +
∑N

n=1mn

(
N∑
n=1

mnr̈n

)
×

N∑
n=1

mnrn = τ +
F

M +
∑N

n=1mn

×
N∑
n=1

mnrn (17)

The aerodynamic effects on the attitude dynamics of the system are represented by the external
torques τ and forces F . Note that the torques τ are applied at the reference point (the host vehicle
CoM) and not with respect to the system’s CoM. The term in Eq. (17) that contains the external
forces F accommodates this difference.

Point mass simplification

A useful simplification is obtained when it is assumed that the shifting masses are point masses
and do not have inertia In = 0. Under this assumption, the general equations of motion (Eq. (17))
can be simplified as in Eq. (18).

I0ω̇0 + ω0 × I0ω0 +

N∑
n=1

(mnrn × r̈n) +
1

M +
∑N

n=1mn

(
N∑
n=1

mnr̈n

)
×

N∑
n=1

mnrn = ...

... = τ +
F

M +
∑N

n=1mn

×
N∑
n=1

mnrn (18)

For a single point mass and introducing the concept of reduced mass µ as in Eq. (19), the equation
can be further simplified to finally obtain Eq. (20) and thus recover the expression from Edwards.19

µ =
mM

M +m
(19)

I0ω̇0 + ω0 × I0ω0 + µrm × r̈m = τ +
µF

M
× rm (20)

AERODYNAMIC MODELING

The residual atmosphere present at orbital altitudes cause aerodynamic forces. Orbital decay is
the main effect of aerodynamic drag but these aerodynamic forces will also induce aerodynamic
torques and thus perturb the spacecraft’s attitude.

In general, Eqs. (21)-(22) are used to compute aerodynamic forces, with ρ denoting the atmo-
spheric density, V the relative velocity of the spacecraft with respect to the flow, Aref an arbitrary
reference area (usually taken as the cross section), and CD and CL the drag (anti-velocity) and lift
(normal to velocity) coefficients respectively.

D =
1

2
ρV 2ArefCD (21)

L =
1

2
ρV 2ArefCL (22)
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The atmospheric density ρ, the relative velocity with respect to the flow V and the force coefficients
CD andCL need to be estimated before the aerodynamic forces can be computed. Unfortunately, the
atmospheric environment is very variable and poorly predictable15, 16 and spacecraft aerodynamics
are not particularly well understood.13, 14

Realistic atmospheric and spacecraft aerodynamic models will be used to obtain what will be
assumed as the truth values. The controller will then estimate these magnitudes using simplified
aerodynamics and atmospheric models. This arrangement ensures the presence of realistic atmo-
spheric variability and realistic aerodynamic properties, while emulating the uncertainty that the
controller will be subjected to.

Atmospheric Density Model

The NRLMSISE-0032 atmospheric model will be used to estimate the atmospheric density ρ.
This specific atmospheric model offers a good balance between model accuracy and computational
complexity.33

The Earth’s atmosphere not only exhibits vertical density variations but also horizontal variability
(e.g. the day-to-night density changes). Figure 2 shows the variation from the mean density for
a 10:30 Local Time of Ascending Node (LTAN) circular Sun-synchronous orbit at different orbit
altitudes in moderate solar activity.34 Figure 2 exemplifies how variable the density and by extension
the aerodynamic forces and torques are.
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Figure 2. Density Variations During a Circular Sun-Synchronous Orbit at Different
Operational Altitudes.

Wind Model

The atmosphere co-rotates with the Earth35–37 and there is atmospheric time-varying wind.38, 39

These two effects will make the direction and magnitude of the relative flow V differ, in direction
and in magnitude, from the inertial velocity.

The atmospheric wind is also highly variable, spatially and temporally. Figure 3a shows an
example distribution of the wind according to the HWM9340 model at 450 km with moderate solar
activity34 during northern hemisphere summer solstice. As the atmospheric wind has not been as
extensively studied as other atmospheric properties, the existing models are less accurate15 and
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so the HWM0741 state-of-the-art wind model will be used. It has to be noted that this model only
provides zonal and meridional wind profiles representative of the climatological averages for various
geophysical conditions. Vertical winds, which usually have smaller magnitudes, are not included in
the model.

Figure 3b shows the sideslip angle caused by the atmospheric co-rotation and wind (using the
HWM07 model) assuming that a spacecraft is pointed along the inertial velocity in a 10:30 LTAN
circular Sun-synchronous orbit at different altitudes in moderate solar activity.34
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Figure 3. Wind Pattern and Sideslip Angle.

Gas-Surface Interaction Model

In the orbital environment (>200 km in altitude) the residual atmosphere can no longer be con-
sidered as a continuum but needs to be considered as a rarefied-gas due to its low density.42 For
typical spacecraft sizes, the mean free path of a gas particle is much greater than a representative
spacecraft dimension.2 Consequently, it can be assumed that the interactions between gas particles
(collisions) are very rare, and thus they can be safely ignored. The Gas-Surface Interactions (GSI)
completely dominate the interaction of the spacecraft with the surrounding gas.

There are several GSI models42 and here the Sentman model43 will be used as it is the de facto
standard to compute spacecraft aerodynamic coefficients at low orbital altitudes.13, 44 A comprehen-
sive description of the models used in spacecraft aerodynamics can be found in other references.13, 14

The Sentman model takes into account the thermal velocity distribution of the gas particles and
assumes that all the incident gas particles that collide with a surface are adsorbed to be later diffusely
reemitted. In the LEO range this seems to be true from the limited available orbital data.45, 46 The
particles are reemitted with partial thermal equilibrium with the spacecraft surface. The degree of
thermal equilibrium is denoted by the energy accommodation coefficient σa. In this model, the Cd
and Cl can be written, following Sutton notation,47 as in Eqs. (23) and (24).

CD =

´
CddA

Aref
Cd =

[
P√
π
+ γQZ +

γ

2

vr
v∞

(
γ
√
πZ + P

)]
(23)
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CL =

´
CldA

Aref
Cl =

[
lGZ +

l

2

vr
v∞

(
γ
√
πZ + P

)] dA

Aref
(24)

γ = cos (ϕ) l = sin (ϕ) (25)

G =
1

s2
∞

P =
1

s∞
e−γ

2s2∞ (26)

Q = 1 +G Z = 1 + erf (γs∞) (27)

The ϕ term denotes the angle between the flow and the local normal vector (0 deg when the surface
is normal to the flow and 90 deg when it is parallel), vr the most probable velocity of the reemitted
gas particles, v∞ the relative bulk velocity between the spacecraft and the incident gas particles, and
s is the ratio between v∞ and the thermal velocity of the gas vth (s = v∞

vth
).

According to Koppenwallner48 the vr/v∞ ratio can be written as in Eq. (28) with Rg denoting
the gas constant and Tw the temperature of the surface (wall).

vr
v∞

=

√
1

2

[
1 + σa

(
4RgTw
v2
∞
− 1

)]
(28)

From the limited orbital data available the energy accommodation coefficient is between 0.8 and
1.44 The spacecraft surface temperature will be assumed constant at Tw = 300K.

Note that the drag and lift coefficients are dependent on the atmospheric parameters. As the
atmosphere has temporal and spatial variability the force coefficients will be variable during an
orbit. These changes in the force coefficients are small and can be safely ignored given that the
perturbations included in the environment models (e.g. changes in atmospheric density) are orders
of magnitude larger. Although, the Sentman model can provide the lift coefficient CL it is, in
general, an order of magnitude smaller than the drag coefficient CD and thus it will be neglected in
this analysis.49

Aerodynamic Properties of a Sphere

Due to the sphere symmetry, the drag coefficient is constant regardless of the orientation of the
sphere with respect to the flow. Figure 4 shows the drag coefficient of a sphere (with Aref =
πR2), clearly showing how the drag coefficient changes with altitude, solar activity and energy
accommodation coefficient.

The usual body reference frame with Euler angles roll φ, pitch θ and yaw ψ will be adopted.
When roll, pitch and yaw are zero the body frame is aligned with the orbit frame, which has k̂
pointing nadir, î along the inertial velocity vector and ĵ completing the right hand triad. The relative
flow direction will be defined with its own reference frame where the flow direction will be in the
−îflow axis. The orientation of this flow reference frame will be denoted by a flow pitch θflow and
flow yaw ψflow.

Let ROB denote the rotation matrix from the body to the orbital frame and ROF the rotation
matrix from flow to orbital frame. Therefore, RBF = RTOBROF is the rotation from the flow to the
body reference frame. With these definitions the aerodynamic force in body axes can be written as
in Eq. (29), with D denoting the aerodynamic drag.

Faero = RBF

 −D0
0

 (29)
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Figure 4. Variation of a Sphere Drag Coefficient with Altitude, Solar Activity (a) and
Energy Accommodation Coefficient (b).

The CoP of the sphere is aligned with the direction of the flow îflow and its location along this axis
can be computed using Eq. (30).

dCoP

R
=

´
Cd (ϕ)xdA

πR2CD
=

´ π
0

´ 2π
0 Cd (θsc, φsc) sin

2 φsc cos θscdθscdφsc

πCD
≈ 0.66 (30)

Let dc = κdMP
/ (1 + κ) denote the distance between the center of the sphere and the origin of the

body frame. The location of the spacecraft CoP in body axes can then be written as in Eq. (31).

pCoP =

 −dc

0
0

+RBF

 dCoP

0
0

 (31)

As the relative flow, the CoP and the center of the sphere, are aligned there is no torque with respect
to the center of the sphere. The aerodynamic torque with respect the host vehicle CoM is then only
a function pCoP as shown in Eq. (32). It can then be assumed that torque-wise, the effective CoP is
located at the center of the sphere.

τaero = pCoP × Faero =

 −dc

0
0

× Faero (32)

It is useful to simplify these aerodynamic torque equations when the spacecraft is in close vicinity
of its target attitude φ ≈ 0, θ ≈ 0, ψ ≈ 0. As the atmospheric co-rotation and wind do not cause
the relative flow to have large deviations with respect to the inertial velocities the θflow and ψflow

magnitudes are also small. Under these assumptions, the Euler angles of the spacecraft with respect
to the flow (rotation represented by RBF ) can be approximated using φ′ = −φ, θ′ = θflow − θ and
ψ′ = ψflow − ψ (which will also be small angles) and the aerodynamic forces in body axes can be
subsequently approximated by Eq. (33).

Faero ≈ −D

 cos (θflow − θ) cos (ψflow − ψ)
cos (θflow − θ) sin (ψflow − ψ)
− sin (θflow − θ) cos (ψflow − ψ)

 ≈ D
 −1−ψ′

θ′

 (33)
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A simplified expression for the aerodynamic torque can also be obtained using the same small angle
approximation as shown in Eq. (34).

τaero ≈ D

 0
θ′dc
ψ′dc

 (34)

From Eq. (34) it can be clearly seen that the equilibrium attitude is that attitude where the flow, host
vehicle CoM and the sphere center are aligned (θ′ = ψ′ = 0). When there is a misalignment of this
equilibrium attitude, the aerodynamic torques will provide a restoring torque if the sphere center
is behind the host vehicle CoM dMp > 0, making the spacecraft oscillate around this equilibrium
point (marginally stable). If the host vehicle CoM is leading the center of the sphere dMp < 0 the
system becomes unstable.

It is important to note that by definition the host vehicle CoM is displaced with respect to the
sphere center only along the î direction. In a generic case, the CoM can be displaced in any direction
and then a secular aerodynamic torque will appear when the spacecraft is at the target attitude
(ignoring the variability of the relative flow direction). It is then desirable to have the CoM and
effective CoP (center of the sphere) aligned with the î axis in order to avoid these secular torques.

As it is expected that spacecraft operating in VLEO take this issue into consideration it has been
assumed that the CoM and CoP for the target stable attitude are reasonably aligned. Any resid-
ual misalignment can be corrected by a bias in the position of the shifting masses (resulting in a
reduction of their shifting range and control authority).

Table 1. Numerical Parameters.

Parameter Value

κ 0.1

ρs 500 kgm3

CD 2.2

σCD
0.22 (10 % of the nominal CD = 2.2)

Solar activity indices Moderate activity as in34

REDUCED MODEL WITH ONE ROTATIONAL DEGREE-OF-FREEDOM

It is worth to start the analysis with a reduced model that only considers one rotational degree-
of-freedom. This analysis will provide insight into the rejection capabilities and the shifting mass
requirements with respect to the system parameters. It is also of particular interest to explore how
the operating altitude drive the required shifting mass and range in order to meet pre-specified per-
formance requirements. The yaw ψ rotation has been selected for this one-dimensional analysis as
the co-rotation and predominant wind act on this particular axis. Additionally, a single shifting point
mass will be used and the controller will be based on a reduced dynamic model (i.e. linearized). The
goal of the shifting mass is then to stabilize the spacecraft around ψ = 0 and reject the disturbance
induced by ψflow.
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Under these assumptions, the equation of motion in Eq. (20) can be further simplified as in Eq.
(35). The position, velocity and acceleration of the unique shifting mass with respect to the body
axes is denoted by x, y and their time derivatives by ẋ, ẏ.[

Iz + µ
(
x2 + y2

)]
ψ̈ + µ

[
2
(
xẋ′ + yẏ′

)
ψ̇ + xÿ′ − yẍ′

]
= τz +

µ

M
[Fxy − Fyx] (35)

The aerodynamic disturbances have low frequencies (similar to the orbit frequency) and so it is
expected the shifting masses motion will be also slow (small velocities and accelerations). Addi-
tionally, as the shifting mass m is small compared to the host vehicle mass µ � 0, the dynamic
effects of the shifting mass motion can be safely neglected.

As the shifting range is also small the change on the system’s inertia is also small and thus it
will be considered as constant (using the initial shifting masses position x0 and y0). These assump-
tions further simplify the equations of motion to Eq. (36). It also has to be noted that only the
aerodynamic forces and torques will be considered.[

Iz + µ
(
x2

0 + y2
0

)]
ψ̈ = τz +

µ

M
[Fxy − Fyx] (36)

Using the aerodynamic properties of a sphere and using the small angles approximation, Eq. (37)
can be obtained. [

Iz + µ
(
x2

0 + y2
0

)]
ψ̈ = D

(
ψ′dc +

µ

M

[
−y + ψ′x

])
(37)

It is immediately clear from Eq. (37) that to generate a control torque it is much more effective for
the mass to move perpendicular to the relative flow (in this case y) than parallel to it (along x). So
in order to limit the system complexity, it will be assumed that the shifting mass only moves in y
(perpendicular to the flow if ψ′ is small). Shifting the mass only along one direction reduces the
volume and the complexity of the shifting mass system. It is understood that Eq. (37) has been
simplified for small angles and thus shifting the mass along y will be perpendicular to the flow
direction only for ψ = ψflow = 0. If there is a large misalignment the y shifting mass will start to
loose efficacy.

Another important consideration that it is apparent from Eq. (37) is that the maximum torque
provided by the shifting mass is τmax = ±D m

M+mymax. It is clear that the mass of the shifting
mass and the available shifting range are the two parameters at the designer disposal.

The atmospheric density and the magnitude and direction of the flow are inherently unknown and
thus an estimate of the density (based on the altitude) will be used and the incident flow will be
assumed to match the inertial velocity magnitude and direction. Under these conditions the sys-
tem equations can be written as Eq. (38), which corresponds to the transfer function written in Eq.
(39). This represents a simple second order Single Input Single Output system and a Proportional-
Integral-Derivative (PID) controller can be easily designed and implemented to reject the aerody-
namic disturbances while keeping the spacecraft stable at ψ = 0.[

Iz + µ
(
x2

0 + y2
0

)]
ψ̈ = D

(
−ψ

[ µ
M
x0 + dc

]
− µ

M
y
)

(38)

T (s) =
ψ (s)

y (s)
=

b

I ′s2 + k
(39)

I ′ = Iz + µ
(
x2

0 + y2
0

)
(40)
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k = D
( µ
M
x0 + dc

)
(41)

b = −D µ

M
(42)

To explore the design space and the system response it will be assumed that the PID controller is
tuned so that the closed-loop system has a specific bandwidth and phase margin. In these fixed
controller conditions a Monte Carlo analysis can be performed to extract the required shifting mass
range for a given spacecraft size, aerodynamic properties and environmental conditions. Although
the controller is build upon a linearized model, the numerical simulations use the full dynamic
equations and the high-fidelity environment models. Additionally, the actual drag coefficient used in
the numerical simulation differ from the one used to design the controller (emulating the uncertainty
on the aerodynamic properties). Although the CoP is considered known, given that a spherical shape
is used, the uncertainty on the drag coefficient can also be used to emulate an uncertainty in the CoP
location. Sun-synchronous circular orbits with 10:30 am LTAN have been used.

The Monte Carlo simulations are initialized with ideal stable attitudes ψ0 = 0 and ψ̇ = 0 and
thus emulate steady state conditions. Each Monte Carlo run simulates 4 consecutive orbits and 100
simulations are used to extract the statistics (with error bars denoting the 95% confidence interval).
The values shown in Table (1) are used for the simulations.

Figure 5 shows the maximum shifting range and attitude error (3σ values) for a 10 cm radius
spherical satellite for different mass fractions of the shifting mass m/M and for a CoM leading the
CoP by 3% of the sphere radius. Figure 6 shows how the required shifting range and attitude error
change for different CoM to CoP distances dp and with a fixed shifting mass fraction kept at 3% of
the host vehicle mass M .
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Figure 5. Shifting Range (a) and Attitude Error (b) for Different Mass Fractions.

The system bandwidth in the controllers used to generate Figures 5 and 6 has been kept at four
times the natural frequency of the system 4ωn and the phase margin has been set to 30 deg. This
allows a comparison of the system performance even if the altitude is changed.

For a 10 cm radius case it is quite clear that the proposed method is able to reject the aerodynamic
disturbances and maintain a reasonably stable attitude (even for unstable configurations) with mass
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Figure 6. Shifting Range (a) and Attitude Error (b) for Different CoP to CoM Distances.

fractions and shifting ranges requirements compatible with the spacecraft mass and dimension con-
strains. As expected the required mass fraction and required shifting range decrease as the CoP gets
closer to the CoM. Also, unstable configuration dp < 0 requires higher shifting range than their
stable counterparts.

The attitude error, which is constant in Figure 5 due to the constant bandwidth employed, can be
decreased if the bandwidth of the close-loop system is increased. The required shifting range can be
decreased by decreasing the phase margin. Both measures have practical limits. By decreasing the
phase margin the controller is less robust and increasing the bandwidth increases the gains which
imposes more strict requirements on the sensors and actuators. It is also interesting to note that
the relative shifting range increases slightly with altitude as a relative larger shifting is required to
generate the same acceleration at higher altitudes where there atmosphere is less dense.

The tuning employed in this examples appears to give satisfactory results with the selected pa-
rameters and uncertainties. These examples illustrate the general trends and provide performance
estimates that can be later used as initial guesses.

THREE ROTATIONAL DEGREES-OF-FREEDOM CASE

The previous analysis has been conducted using a reduced model and only considering a single
rotational degree-of-freedom. That analysis is useful as provides generic results and shows the
trends when the different parameters are varied. In this section a simple controller for the three
rotational degree-of-freedom case will be presented.

Shifting mass driver

All the proposed control laws for the shifting masses specify their position and thus a driver that
moves the shifting masses towards that location is required. A driver using a simple PID controller
with the acceleration and shifting mass velocity limited to R/10m/s2 and Rm/s respectively has
been employed.
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Limiting the velocity and acceleration is particularly important when there are abrupt changes
of the shifting masses position or velocity (i.e. during saturation), which could lead to significant
dynamic effects that have been neglected during the controller design.

It has to be noted that although in this analysis the acceleration and velocity limits are tight to the
sphere radius, smaller spacecraft, with proportionally less inertia, are more sensitive to the shifting
masses internal movement and thus smaller limits may be required.

Quaternion feedback with partial feedback linearization

A more general approach that does not rely on linearization uses the well known quaternion
feedback with partial feedback linearization.50, 51 The estimated aerodynamic torque τ̂aero is used
to help with the feedback linearization but the terms related the shifting masses motion are left out
as they are assumed to be negligible. Under this control law the requested torque can be written as
in Eq. (43).

Treq = −kpIqe − kdIωreq + ω0 × Iω0 − τ̂aero (43)

In Eq. (43) qe denotes the vector elements of the error quaternion,50, 51 ωreq denotes the target
angular velocity (for a stable attitude with respect to the orbit frame it only includes a pitch rate that
matches the orbital motion), I the inertia matrix and the kp and kd scalars denote the proportional
and derivative gains respectively.

Some guidance to select the gains can be obtained by considering small angles, a single degree-
of-freedom and that the shifting mass motion dynamics effects are negligible. In that case, the
system reduces to a second order system and thus the proportional kp and derivative gains kd can be
related to the closed-loop natural frequency ωcl and damping ratio ξ as Eq. (44).51

kp = 2ω2
cl kd = 2ξω (44)

The quaternion feedback is particularly suited when large attitude misalignments are present and
thus is will be employed here for a detumbling scenario. If it is assumed that the system is composed
by three shifting masses each moving along the roll î, pitch ĵ and yaw k̂, the aerodynamic torque
provided by the shifting masses can be be written as follows (see Eq. (18)).

τsm =
Faero

M +m1 +m2 +m3
×

 m1r1

m2r2

m3r3

 (45)

With m1, m2 and m3 denoting the shifting masses and r1, r2 and r3 their shifting ranges along î, ĵ
and k̂ respectively.

As the controller has no information about the actual direction and magnitude of the aerodynamic
force, an estimate F̂aero needs to be used in the steering logic. A relative flow matching the inertial
velocity and a mean atmospheric density are used to obtain this estimate.

The shifting masses position to achieve the requested perpendicular torque can be obtained using
Eq. (46). Note that Eq. (46) is equivalent to the expression used to drive the magnetic torquers
(replacing the magnetic field with the aerodynamic force F̂aero and the magnetic moment with the
mr product).  m1r1

m2r2

m3r3

 =
τreq × F̂aero (M +m1 +m2 +m3)

F̂aero · F̂aero

(46)
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It is clear from Eq. (45) that the shifting masses aerodynamic torque is perpendicular to the Faero

and thus other actuators should provide the required torque that is parallel to Faero.

To reduce the complexity of the system only two shifting masses shifting along pitch ĵ or yaw
k̂ will be used (thus r1 = 0) and a single ideal actuator will be acting along the roll î axis. This
configuration has been used to stabilize a 25 cm spacecraft with a random initial attitude and an
initial angular velocity in a random orientation with a magnitude between ±0.5 deg/s (chosen with
a random uniform distribution). Figure 7 shows the mean and the 3σ maximum stabilization time
obtained by a 25 sample Monte Carlo simulation. The control law gains have been set according
to Eq. (44) with a bandwidth of twice the spacecraft natural frequency and ξ = 0.7. The shifting
masses represent 6% of the host vehicle mass (3% each shifting mass) and the CoM leads the CoP
by 3% of the spacecraft radius.
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Figure 7. Stabilization Time.

PRACTICAL IMPLEMENTATION ON A 3U CUBESAT

Small spacecraft are more sensitive to aerodynamic disturbances due to their high area to inertia
ratio. A CubeSat operating at low altitude is thus a good first candidate to implement the proposed
aerodynamic disturbance rejection method.

A preliminary design of the “Shift-Mass Sat” 3U CubeSat with three orthogonal shifting masses
is shown in Figure 8. All the components, subsystems and shifting masses, are COTS materials to
ensure their commercial availability.

The three 150 g shifting masses approximately take 75% of the 1U volume and have a 70 mm
useful shifting range. Magnetic torquers augment the shifting masses and complete the actuator set.

This design is then used for a simulation using a LQR control. The CoM position, mass, inertia,
shifting mass and travel range, magnetic dipole moment of the magnetic torquers and aerodynamic
properties are derived from the prototype design. For this particular design, the shifting masses have
a 1.82 mm control authority on the vehicle’s CoM position to modulate the aerodynamic torque
direction and magnitude.

The LQR controller is used for detumbling and to keep the spacecraft stable. A gain schedule
scheme, where less aggressive gains are employed during the detumbling phase. is employed. The

16



(a) (b)

Figure 8. Prototype 3U CubeSat Design (a) and Detail of the Three Orthogonal Shifting Masses (b).

initial angular velocity of the CubeSat is chosen as 0.01 rad/s in all axis and the orbit altitude is set
at 300 km. The shifting masses movement and Euler angles of one of this simulation are presented
in Figure 9.
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Figure 9. Euler Angles (a) and Shifting Masses Positions (b).

It is also worth noting that the shifting masses exhibit a bias when the spacecraft is stabilized.
This is because the CubeSat center of mass is not completely centered around the roll axis (as it was
assumed on the previous sections).

CONCLUSION

Using a set of shifting masses is a viable method to reject the aerodynamic disturbances. De-
spite the highly non-linear dynamic of a spacecraft with internal moving parts simple controllers
based on the linearized equations of motion suffice to keep the spacecraft stable with reasonable
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requirements on the attitude determination subsystem and the shifting masses (shifting range and
mass fraction). Achieving stabilization from arbitrary initial attitude and small angular velocities. A
prototype implementation on a 3U CubeSat only using commercial-off-the-shelf components and a
linear-quadratic-regulator controller demonstrates its technological feasibility. Other types of con-
trollers, specially non-linear controllers, could be used to drive the shifting masses increasing the
performance of the system.
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