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Applied Reachability Analysis for Spacecraft Rendezvous and
Docking with a Tumbling Object

Costantinos Zagaris∗ and Marcello Romano†

Naval Postgraduate School, Monterey, CA, 93943

The objective of this research is to investigate the dynamics, and reachability character-
istics of a spacecraft (commonly referred to as the deputy) conducting proximity maneuvers
about a resident space object (commonly referred to as the chief) in a tumbling state of motion.
Specifically, the goal is to identify initial conditions from which a specified maneuver is feasible,
within a specified amount of time. This research question can be answered by solving a reach-
ability problem, and computing a backwards reachable set. However, the complexity of the
relative roto-translational dynamics of this scenario poses challenges for existing reachability
tools. This paper presents the 6-DOF roto-translational relative spacecraft dynamics, from
the perspective of the tumbling chief. A method based on minimum time optimal control
is proposed for computation and visualization of backwards reachable sets for both relative
translation and rotation, in the particular case of a chief in circular orbit spinning about a
principal axis coinciding with the orbit normal. The proposed method makes the problem
more tractable and provides insight into the reachability characteristics of this scenario.

Nomenclature

C = Chief body-fixed cartesian coordinate system
CA/B = Direction cosine matrix describing orientation of reference frame A with respect to reference frame B
D = Deputy body-fixed cartesian coordinate system
ê = Euler axis of rotation
~F = control force vector (N)
Fd = control force vector resolved in C (N)
I = Earth-centered Inertially fixed cartesian coordinate system
J = spacecraft inertia matrix
L = Chief local-vertical local-horizontal cartesian coordinate system
m = mass (kg)
~M = control torque vector resolved in D (N-m)
Md = control torque vector (N-m)
nc = mean motion of chief orbit (rad/s)
q = a unit quaternion
~r = position vector (m)
RF (B) = forward or backward reachable set for specified time T
v = relative velocity vector resolved in C (m/s)
vx, y, z = components of the relative velocity vector (m/s)
x = n-dimensional state vector
X = a set of states
u = m-dimensional control vector
U = a set of admissible control inputs
α = Angle of rotation (rad)
γΣ = an admissible trajectory of the system Σ
µ = Earth gravitational constant (m3/s2)
~ρ = relative position vector (m)
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ρ = relative position resolved in C (m)
ρx, y, z = components of the relative position vector (m)
Σ = a control affine system
σ = Modified Rodrigues Parameter vector
σ1,2,3 = Modified Rodrigues Parameters
~ωA/B = angular velocity of reference frame A with respect to reference frame B (rad/s)
ω = relative angular velocity vector resolved in D (rad/s)
ωc = chief angular velocity resolved in C (rad/s)
ωx, y, z = relative angular velocity components (rad/s)
Ω = constant chief rotation rate (rad/s)

I. Introduction
Spacecraft rendezvous and proximity maneuvers are necessary for a variety of space missions, and have been a

research topic since the 1960s. Traditionally, the translational and rotational aspects of spacecraft relative motion
are treated separately. Relative translational equations describe the relative position/velocity of a deputy spacecraft’s
center of mass, with respect to a chief spacecraft’s center of mass. Relative rotational equations describe relative
attitude/angular velocity of the deputy body frame, with respect to the chief body frame, generally assuming the two
spacecraft are rigid bodies. When the chief spacecraft is in a tumbling motion, coupling between the translational and
rotational states necessitates the use of a 6-Degree-of-Freedom (6-DOF) motion model.

In this paper, we formulate the full 6-DOF relative dynamics, considering a chief spacecraft in a tumbling state.
The main focus of this research is to analyze the reachability of the spacecraft relative dynamics, in order to identify
initial conditions that allow for a successful maneuver under control and time constraints. The contributions of this
work include a backwards reachability analysis of the 6-DOF system, based on solutions to a family of minimum time
optimal control problems. The proposed method is used to visualize approximate reachable sets, in lieu of solving the
computationally intensive reachability problem. Additionally, a technique is proposed for visualization of backwards
reachable sets of spacecraft relative attitudes.

Previous research on the topic of rendezvous with a tumbling object is mainly focused on guidance strategies. Ma et
al. presented the general formulation of an optimal control problem for a spacecraft to rendezvous with a tumbling
satellite in close range, and showed results for a planar case study [1]. Boyarko also presented an optimal control
framework for guidance with a tumbling object in a 6-DOF scenario, as well as an Inverse-Dynamics approach for
autonomous applications [2, 3]. Boyarko’s work was later implemented in a real-time setting, and experimentally
demonstrated [4, 5]. Robust control methods for autonomous docking to a tumbling object have also been studied, using
sliding mode control [6], and adaptive control [7]. Although research shows a variety of algorithms can be successfully
applied to the problem of docking with a tumbling spacecraft, a detailed analysis of the problem has not been presented.
This paper aims to fill this gap through reachability analysis.

The topic of reachability is motivated by the need to verify control system behavior and safety. The reachability
problem is summarized as follows [8, 9]. Consider a general control-affine system, Σ,

Σ : ẋ(t) = f (x(t), t) + g(x(t), t)u(t), (1)

with x(0) ∈ X0 ⊂ Rn , x(T ) ∈ Xf ⊂ R
n , u(t) ∈ U ⊂ Rm , and t ∈ [0,T]. The set of initial conditions (X0) is used

when solving forward reachability problems, while the terminal set (Xf ) is used when solving backwards reachability
(or controllability) problems. Both sets are assumed to be convex. The setU represents all admissible controls, and
is assumed to be compact and convex. The control input, u(t), is assumed to be a measurable function. Finally, the
functions f and g are assumed to be Lipschitz, in order for the dynamics to have a unique solution. The following
definitions are written (adapted from [9, 10]).

Definition 1 An admissible trajectory, γΣ (0,T ), is a trajectory of the system, Σ, starting from initial condition x(0),
ending at x(T ), under admissible control actions u(t) ∈ U .

Definition 2 The forward T-reachable set, RF (T ), from the initial condition x0 is the set of states, x(t), that can be
reached by admissible trajectories γΣ (0,T ) in time T > 0 or less:

RF (T ) = {x(t) | ∃ γΣ (0, t), x(0) = x0, 0 < t ≤ T } (2)
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Definition 3 The backwards T-reachable set, RB (T ), from the final condition x f is the set of states, x(0), from which
admissible trajectories γΣ (0,T ) reach x f in time T > 0 or less:

RB (T ) = {x(0) | ∃ γΣ (0, t), x(t) = x f , 0 < t ≤ T } (3)

In some literature the backwards reachable set is referred to as a controllable set [10, 11], highlighting a relationship
between the concepts of controllability and reachability. Fundamentally, controllability analysis is used to determine if
an admissible control input can drive the state to some desired location (x f ) in finite time. Controllability analysis is
traditionally performed, in a local sense, by examining the Lie structure of the vector fields f and g [9]. This analysis
however does not account for constraints on the control variables. Fully answering the question posed in this work,
requires computation of the reachable set.

It has been shown that the reachability problem can be posed as an optimal control problem and solved through
a particular Hamilton-Jacobi equation [12, 13]. There has been significant efforts in literature focusing on exact
computation of reachable sets though numerical solutions of Hamilton-Jacobi equations (see for example [13, 14]),
however these methods are computationally intensive and dimensionally limited. Geometric methods for computing
reachable sets involve approximating a convex set by a geometric shape (i.e. ellipsoid, polytope), and propagating
the set according to the system dynamics [15–17]. These approaches require set-based computations, which can be
computationally expensive depending on the geometry of the approximate sets [8, 16]. These methods are generally
less computationally intensive than exact numerical methods, but could be limited in application (i.e. linear systems).
Visualization of reachable sets also presents a challenge, as standard plotting tools are limited to three physical
dimensions. Some of the above methods have been used in literature for reachability analysis of spacecraft rendezvous
missions (see for example [18, 19]), but without considering proximity maneuvering about a tumbling chief.

In our previous work [20], backwards reachable sets were presented for a simplified, planar rendezvous scenario,
computed via polytopic approximation methods. Applying those methods to a 6-DOF scenario poses a challenge due to
the dimensionality of the state-space, as well as nonlinearity of the dynamics; this paper addresses these challenges. The
original contributions of this paper are:

1) Derivation of a decoupled 6-DOF relative motion model, from the perspective of a tumbling chief.
2) Methodology for visualization of backwards T-reachable sets by exploiting time-optimal solutions.
3) Methodology for backwards reachability analysis of relative rotational motion.

In Section II the spacecraft 6-DOF relative motion model to be used in this research is formulated. Section III presents
the proposed methodology for visualizing backwards reachable sets. Results are presented in Section IV, and the paper
closes with concluding remarks in Section V.

II. Spacecraft Relative Roto-translation Model
Traditionally, spacecraft translational and rotational equations of motion are derived independently. Relative

translational equations are generally derived by assuming the spacecraft are point masses. The translational equations of
motion are generally nonlinear, but popular linear approximations exist, such as the Clohessy-Wiltshire (CW) model [21].
Spacecraft rotational equations of motion are also inherently nonlinear and derived, for different attitude parametrization
schemes, by assuming the spacecraft are rigid bodies [22].

A 6-DOF model can be witten by simply concatenating the translational and rotational equations, as many authors
have done in the past (see for example [3, 23]). Other 6-DOF representations seen in literature include a kinematically
coupled model, considering the relative motion between off-center-of-mass feature points [24], or using different state
representations such as dual quaternions [25]. Traditional equations, however, are not derived from the perspective of a
tumbling chief, as proposed here. In this paper, a 6-DOF relative motion model is derived using a rotating reference
frame fixed to the tumbling chief spacecraft.

A. Chief Perspective Relative Dynamics
Consider a spacecraft in arbitrary Earth orbit, referred to as the chief, and a controlled spacecraft in a nearby orbit,

referred to as the deputy. The following cartesian coordinate systems (CCS) are defined:
• I: Earth-Centered-Inertial reference CCS - origin at the center of the Earth, x axis pointing towards the vernal
equinox, z axis toward the North Pole, and y axis completing the right-handed triad
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• L: Chief local-vertical, local-horizontal (LVLH), or Hill’s CCS - origin at chief’s center of mass, x axis pointing
radially outward, z axis along orbit normal, and y axis completing the right-handed triad

• C: Chief body-fixed frame, with origin at the chief’s center of mass
• D: Deputy body-fixed frame, with origin at the deputy’s center of mass

Assume that both spacecraft are rigid bodies. Note that an unresolved geometric vector will be denoted by an arrow over
the variable (~a), while a resolved vector in a specified CCS will be denoted by a bold symbol with the CCS indicated as
a superscript on the right side (aC). A superscript on the left side of a variable accompanies a time derivative, indicating
the reference frame with respect to which the differentiation is performed (C ~̇a).

Figure 1 illustrates a depiction of the problem, where ~rc is the chief’s position vector, ~rd is the deputy’s position
vector, and ~ρ is the relative position vector of the deputy with respect to the chief. At this time, no assumptions are
made about the chief’s orbit, and the perturbing forces that may be acting on the two spacecraft are neglected.

Fig. 1 Vectors and reference coordinate systems for the problem of spacecraft relative motion with respect to
a tumbling chief.

1. Relative Translational Motion
First, the relative motion between the centers of mass of the two spacecraft is derived. The chief is assumed to be

uncontrolled, with no perturbing forces. The motion of the center of mass of the chief and deputy is described by the
two-body orbital equation [21],

I~̈rc = −
µ

R3
c

~rc, (4)

I~̈rd = −
µ

R3
d

~rd +
1

md

~Fd, (5)

where Rc = | |~rc | |, Rd = | |~rd | |, ~Fd is the control force vector acting on the deputy, µ is the Earth’s gravitational constant,
and md is the deputy’s mass.

The relative position of the deputy’s center of mass with respect to the chief is ~ρ = ~rd − ~rc . Then,
I ~̈ρ = I~̈rd −I ~̈rc,

I ~̈ρ = −
µ

R3
d

~ρ +
µ

(
R3
d
− R3

c

)
R3
c R3

d

~rc +
1

md

~Fd . (6)
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Using the transport theorem [26], the time derivative of the relative position vector can be taken with respect to C,
I ~̈ρ = C ~̈ρ + ~̇ωC/I × ~ρ + 2~ωC/I ×

C ~̇ρ + ~ωC/I ×
(
~ωC/I × ~ρ

)
, (7)

where ~ωC/I is the angular velocity of C with respect to I, and ~̇ωC/I =
I ~̇ωC/I =

C ~̇ωC/I. Combining Eq. (6) and Eq. (7)
results in the following expression,

C ~̈ρ = −
µ

R3
d

~ρ +
µ

(
R3
d
− R3

c

)
R3
c R3

d

~rc +
1

md

~Fd − ~̇ωC/I × ~ρ − 2~ωC/I ×
C ~̇ρ − ~ωC/I ×

(
~ωC/I × ~ρ

)
. (8)

Finally, resolving Eq. (8) in C gives the following translational equation of motion,

ρ̈C = −
µ

R3
d

ρC +
µ

(
R3
d
− R3

c

)
R3
c R3

d

rC
c +

1
md

FC
d − [ω̇

C
C/I]
×ρC − 2[ωC

C/I]
×ρ̇C − [ωC

C/I]
×
(
[ωC

C/I]
×ρC

)
, (9)

where []× is the skew-symmetric matrix representing the vector cross-product operator. It is evident that the translational
relative equation in Eq. (9) is coupled to the chief’s tumbling motion, given by the rotational equation of motion (Euler’s
equation) [22],

ω̇C
C/I = J−1c

(
−[ωC

C/I]
×JcωC

C/I

)
, (10)

where Jc is the chief’s inertia matrix. Equation (9) is also a function of the chief’s orbital motion (Rc , rC
c ). It is

important to note that for an arbitrary chief orbit, the variable Rc is not constant.

2. Relative Rotational Motion
In order to describe the orientation of the deputy with respect to the chief an attitude parametrization scheme must

be selected. Unit quaternions are often preferred, from a numerical perspective, as a singularity-free representation of
attitude. The unit quaternion, qD/C describes the orientation of the deputy with respect to the chief and is comprised of a
vector part and a scalar part, qD/C = [q̄ q4]T = [q1 q2 q3 q4]T , and satisfies | |qD/C | | = 1. The quaternion kinematic
equation is [22],

q̇D/C =
1
2

QωD
D/C, (11)

where

Q =



q4 −q3 q2
q3 q4 −q1
−q2 q1 q4
−q1 −q2 −q3



. (12)

The relative angular velocity is defined by the following equation,

~ωD/C = ~ωD/I − ~ωC/I. (13)

The relative dynamic equation can then be derived by taking the time derivative of Eq. (13),
I ~̇ωD/C =

I ~̇ωD/I −
I ~̇ωC/I =

D ~̇ωD/I −
C ~̇ωC/I. (14)

The attitude dynamic motion of the deputy and chief with respect to the inertial frame (D ~̇ωD/I and C ~̇ωC/I respectively)
are defined by Euler’s equation [22]. Using the transport theorem, the following equation can be written,

I ~̇ωD/C =
D ~̇ωD/C + ~ωD/I × ~ωD/C. (15)

Combining Eq. (14) and (15), and plugging in Euler’s equation for the deputy rotational motion provides the following
equation for the relative rotational motion,

D ~̇ωD/C = J−1d
[
~Md − (~ωD/C + ~ωC/I) × Jd (~ωD/C + ~ωC/I)

]
− C ~̇ωC/I − ~ωC/I × ~ωD/C, (16)

where ~Md is the control torque applied to the deputy, and Jd is the deputy’s inertia matrix. Let CD/C be the direction
cosine matrix corresponding to the unit quaternion qD/C, which transforms a vector from the C CCS to the D CCS.
Finally, Eq. (16) can be resolved in D,

ω̇D
D/C = J−1d

[
MD

d − [ω
D
D/C + CD/Cω

C
C/I]
×Jd (ωD

D/C + CD/Cω
C
C/I)

]
− CD/Cω̇

C
C/I − [CD/Cω

C
C/I]
×ωD

D/C. (17)

As with the translational equation, the attitude equation is a function of the chief’s tumbling motion defined in Eq. (10).
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3. 6-DOF Relative Roto-Translation Model
For notational compactness the following variables are defined:
• ρ = ρC; relative position vector resolved in C
• v = ρ̇C; relative velocity vector resolved in C
• q = qD/C; relative attitude unit quaternion
• ωD = ωD

D/C; relative angular velocity vector resolved in D
• Fd = FC

d
; control force vector acting on the deputy resolved in C

• ωc = ω
C
C/I; chief angular velocity vector resolved in C

The full 6-DOF model describing the relative roto-translational motion of the deputy with respect to the chief is written
by Eq. (9), (11), and (17), and shown for completeness in Eq. (18).

ρ̇ = v (18a)

v̇ = −
µ

R3
d

ρ +
µ

(
R3
d
− R3

c

)
R3
c R3

d

rC
c +

1
md

Fd −
[
J−1c

(
−[ωc ]×Jcωc

)]×
ρ − 2[ωc ]×v − [ωc ]×

(
[ωc ]×ρ

)
(18b)

q̇ =
1
2

QωD (18c)

ω̇D = J−1d
[
MD

d − [ω
D + CD/Cωc ]×Jd (ωD + CD/Cωc )

]
− CD/C

[
J−1c

(
−[ωc ]×Jcωc

)]
− [CD/Cωc ]×ωD (18d)

The above 6-DOF model is advantageous for reachability computations because the relative translational and
rotational states are decoupled. In fact, Eq. (18a) and (18b) do not depend on q and ωD, and Eq. (18c) and (18d) do not
depend on ρ and v. Notably, this is an advantageous consequence of the original choice in this paper of resolving all
vectors in the chief’s body CCS. Conversely, by following the practive of resolving all vectors in the deputy’s CCS the
relative motions would become coupled. From a reachability standpoint, it is simpler to study the characteristics of
two decoupled subsystems (translational subsystem with 6 states and rotational subsystem with 7 states), rather than a
coupled system comprised of 13 states.

B. Simplified Model: Circular chief Rotating in Orbit Plane at Constant Rate
Equation (18) represents the full 6-DOF model for spacecraft relative roto-translation, about a tumbling chief

spacecraft in an arbitrary orbit. The only assumptions made in deriving those equations are that the spacecraft are rigid
bodies, and no external perturbing forces or torques are acting on the spacecraft (i.e. two-body motion). The following
additional assumptions are now made to further simplify the problem:

1) Chief spacecraft is in a circular orbit, with mean motion nc =
√

µ

R3
c
.

2) Relative distance is small in comparison to the chief’s orbit radius, | |ρ| | << Rc .
3) Chief and Deputy body CCS are aligned with their respective principal axes (i.e. Jc and Jd are diagonal).
4) Chief is rotating on the orbit plane, about its z-body axis, at a constant rate, Ω.
5) Chief body CCS is initially aligned with the LVLH CCS (L ).
With the above assumptions, the chief’s orbital and attitude parameters can be written as follows,

ωc =



0
0

Ω + nc



, rC
c =



Rc cosΩt
−Rc sinΩt

0



. (19)

Consider the state vector x = [ρ, v]T = [ρx ρy ρz vx vy vz ]T ∈ R6, made up of the relative position and velocity, and
control vector u = Fd ∈ R

3. Plugging Eq. (19) into Eq. (18b), and linearizing the result about the origin, results in the
linear time-varying system, describing the relative translational motion,

ẋ(t) = A(t)x(t) + Bu(t), (20)
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with

A(t) =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

3n2c cosΩt +Ω2 + 2Ωnc 0 0 0 2(Ω + nc ) 0
0 Ω2 + 2Ωnc 0 −2(Ω + nc ) 0 0
0 0 −n2c 0 0 0



, (21)

and

B =
1

md



03×3
I3


, (22)

where I3 is the 3-by-3 identity matrix. Note that the out-of-plane motion (ρz, vz ) is decoupled from the in-plane motion.
Additionally, in the case where the chief is not rotating (Ω = 0 deg/s), Eq. (20) reduces to the traditional CW equations.
Although this equation is an approximation of the nonlinear equation of motion, the approximation remains fairly
accurate at small relative distances, as in the case of the traditional CW equations.

The relative rotational subsystem, Eq. (18c) and (18d), could be simplified by linearizing the equations about
an equilibrium. However, this approximation is only accurate around the equilibrium point (i.e. small angular
displacements) which does not provide insight in terms of reachability. Therefore, the nonlinear equations are used to
analyze the reachability properties of the relative rotational subsystem.

III. Reachability Analysis Methodology
The goal of this paper is to compute and visualize backwards T-reachable sets (recall Definition 3) for the simplified

translational subsystem shown in Eq. (20), and the rotational subsystem in Eq. (18c) and (18d), and observe how the
sets change as the chief’s rotation rate increases. The control constraints are assumed to be of the form, | |u| |∞ ≤ umax ,
which in this case restricts each component of the translational control force, and torque, to be below a given value.

The translational subsystem, although linear, is time-varying which prevents the use of polytopic approximation
methods used in our previous work [20, 27], and the relative attitude subsystem is nonlinear. Level-set methods [13, 14]
would also be challenging to implement due to the dimensionality of these subsystems. Additionally, maneuver times
for spacecraft applications can be large posing an additional challenge for numerical computation of reachable sets.

The relationship between time-optimal control solutions and the reachable sets can be exploited to gain insight into
the reachability characteristics of this complex scenario. Consider the general control-affine system shown in Eq. (1),
and let x0 denote the initial state and x f denote the desired final state. The time-optimal solution, if it exists, is the
admissible trajectory from x0 that reaches x f in minimum time, T∗. This solution can be visualized as the earliest
instant at which the forward T-reachable set from x0 includes the state x f [28]. In other words, x f is on the boundary
of the forward reachable set corresponding to time T∗: x f ∈ ∂RF (T∗). A dual correspondence can be made to relate
time-optimal solutions to a backwards reachable set. The time-optimal solution can be visualized as the earliest instant
at which the backwards T-reachable set from x f includes x0. More precisely, x0 is on the boundary of the backwards
reachable set corresponding to time T∗: x0 ∈ ∂RB (T∗). This relationship between reachable sets and time-optimal
control offers the following insight.

Remark 1 The boundary of the backwards T-reachable set is made up of all initial conditions from which admissible
trajectories reach the target state in minimum time, T; this is also known as a minimum isochrone [28].

∂RB (T ) = {x0 | γΣ (0,T ), x(T ) = x f , T = minimum time to reach x f } (23)

As a result, the boundary of a backwards reachable set can be visualized by contours of minimum time solutions
over the state space. This method enables visualization of an approximate reachable set in a subspace of interest. A set
of initial conditions, x0, is created over the subspace (e.g. varying position variables while keeping initial velocities
constant). The minimum time optimal control problem, with appropriate constraints, is evaluated for each test point
using GPOPS-II [29]. Contours of the minimum time solutions are plotted over the desired subspace, representing
slices of the backwards reachable sets with time corresponding to the specified contour levels. Although this method is
still computationally intensive, it makes the problem more tractable, and enables visualization of backwards reachable
sets to gain insight into the problem of spacecraft rendezvous with a tumbling object.
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IV. Results: Chief Rotating in Orbit Plane at Constant Rate
As described in Section III, minimum time solutions are utilized to create an approximation of the boundary of

a backwards reachable set. The scenario used in this paper includes an uncontrolled chief, in circular orbit, rotating
on the orbit plane at a constant rate, Ω. Backwards reachability is analyzed for different chief rotation rates, and time
intervals. First, the translational subsystem is analyzed, followed by analysis of the rotational subsystem. The scenario
parameters are shown in Table 1. The optimal control problems required to visualize the minimum time contours for
these subsystems are solved using the High Performance Computing (HPC) cluster at the Naval Postgraduate School.

Table 1 Scenario Parameters

Chief Orbit Altitude (km) 400
Chief Mass (kg) 100
Deputy Mass (kg) 100

Chief Inertia (kg-m2) diag(16.67, 16.67, 16.67)
Deputy Inertia (kg-m2) diag(16.67, 16.67, 16.67)

Fmax (N) 1
Mmax (N-m) 1

Tmax (s) 1000
Desired final condition ρ f = [1, 0, 0]T m

v f = [0, 0, 0]T m/s
qf = [0, 0, 0, 1]T , or σ f = [0, 0, 0]T

ω f = [0, 0, 0]T rad/s

A. Analysis of the Translational Backwards Reachability
The translational subsystem is the 6-dimensional system shown in Eq. (20), with state vector x = [ρ, v]T =

[ρx ρy ρz vx vy vz ]T , and control vector u = Fd , with constraint | |u| |∞ ≤ Fmax . Since the out-of-plane motion (ρz, vz )
is decoupled, it can be analyzed independently from the planar motion.

The two-dimensional out-of-plane motion is time-invariant and not dependent on the chief’s rotation rate. A set of
1,000 test initial conditions is created in the following subspace: −100 m ≤ ρz ≤ 100 m, and −1 m/s ≤ vz ≤ 1 m/s.
The minimum time optimal control problem is attempted from each of the conditions. The resulting minimum time
contours are shown in Fig. 2. The approximate shape of the backwards reachable sets becomes apparent, and it can be
seen that the sets grow proportionally with time.

The four-dimensional planar motion poses a dimensionality problem for visualization. In this case, subspaces are
created representing slices of the four-dimensional sets. The first slice is defined by 2,500 test initial conditions in the
following subspace: −100 m ≤ (ρx, ρy ) ≤ 100 m, at v = [0, 0]T . Recall that the relative velocity is resolved in the
chief’s rotating body frame; as such, zero relative velocity imposes an initial inertial velocity on the deputy due to
the chief’s orbital and rotating motion. The minimum time optimal control problem is attempted for each test point
with chief rotation rates of Ω = 0, 2, 4, and 6 degrees per second (total of 10,000 runs). Figure 3 shows the resulting
minimum time contours. As the chief’s rotation rate increases, the solver encounters more infeasibilities, apparent by
the missing contours in Fig. 3(d), indicating that the maneuver becomes more difficult at higher rotation rates. The
contours also increase proportionally with time and shrink as the target’s rotation rate increases.

The second slice of the four-dimensional set to be examined is defined by 2,500 test initial conditions in the following
subspace: −100 m ≤ (ρx, ρy ) ≤ 100 m, at an initial relative velocity corresponding to the deputy spacecraft being in a
Natural Motion Circumnavigation (NMC) trajectory, transcribing a 2-by-1 ellipse around the chief. For each test point
this initial relative velocity is given by,

v0 =



1
2nc ρy
−2nc ρx

0



− [ωc ]×


ρx

ρy

0



, (24)
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Fig. 2 Out-of-plane slice of backwards T-reachable set; color bar indicatesminimum time values corresponding
to the contours.

where recall nc is the chief’s orbital mean motion, and ωc is the chief’s angular velocity given in Eq. (19). Note that in
Eq. (24) the chief’s rotating motion is accounted for in order to express the NMC initial velocity in C. The resulting
minimum time contours are shown in Fig. 4. In this case, as the chief rotation rate increases the sizes of the contours do
not change significantly, and the time values represented in Fig. 4(a) - 4(d) remains the same. This is due to the fact that
the initial velocity includes the rotation of the chief. As opposed to the zero velocity subspace, depicted in Fig. 3, there
is no dramatic loss of maneuver feasibility in the NMC subspace, with chief rotation rate up to 6 deg/s.

Next, backwards reachability characteristics are analyzed in the initial velocity subspace, while keeping relative
initial position constant. The third slice of the four-dimensional backwards reachable set is defined by 2,500 test initial
conditions in the following subspace: −10 m/s ≤ (vx, vy ) ≤ 10 m/s, at an initial relative position on the V-bar (y) axis,
ρ = [0, 100]T m. The resulting minimum time contours are shown in Fig. 5. It can be seen that as the chief rotation
rates increases the contours move towards the right side of the plot, and are almost off the figure in Fig. 5(d). This
behavior shows that at higher chief rotation rates, the deputy needs a larger initial relative velocity along the x direction
in order to complete the maneuver successfully.

Finally, the fourth slice of the four-dimensional set to be examined is defined by 2,500 test initial conditions in the
following subspace: −10 m/s ≤ (vx, vy ) ≤ 10 m/s, at an initial relative position on the R-bar (x) axis, ρ = [100, 0]T m.
The resulting minimum time contours are shown in Fig. 6, showing a similar trend as the V-bar sets in Fig. 5. In this
case, the contours move towards the bottom of the plot showing that for higher chief rotation rates the deputy requires
larger initial velocity in the y direction.

The above analysis of the translational subsystem shows some characteristics and limitations of the rendezvous
maneuver. The results show expected behavior of sets growing proportionally with time, since the system is linear. It
is evident that some of the test cases were not able to be solved, especially at increased rotation rates. Many of the
cases become infeasible, in the sense that the maneuver is not possible within the allowable 1,000 seconds. Some of the
infeasibilities, however, could be an artifact of the nonlinear programming solver setup, and user-defined parameters
within GPOPS-II.

B. Analysis of the Rotational Backwards Reachability
The rotational subsystem is the seven-dimensional system in Eq. (18c)-(18d), with state vector x = [q, ω]T and

control vector u = Md , with constraint | |u| |∞ ≤ Mmax . The rotational dynamics is nonlinear, and defining slices of

9
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(d) Ω = 6 deg/s

Fig. 3 Translational backwards T-reachable set slices at zero initial relative velocity, at different chief rotation
rates; color bar indicates minimum time values corresponding to the contours.

a set of relative attitudes is a complicated problem. Since quaternions are used as the parametrization of rigid body
attitudes, a set of quaternions is four-dimensional and impossible to plot. Additionally, even if it could be plotted, the
insight gained from this plot would be limited as quaternions are not intuitive. A visualization technique for backwards
reachable relative attitude sets is proposed herein.

First, a four-dimensional subspace of the seven-dimensional state space is created by selecting a random uniform
distribution of 1,000 initial unit quaternions, using the procedure outlined in [30], while keeping a constant initial
relative angular velocity, ω = [0, 0, 0]T . The minimum time optimal control problem is attempted for each test point, at
chief rotation rates Ω = 0, 2, 4, and 6 degrees per second (total of 4,000 runs). The Modified Rodrigues Parameters
(MRP) are used as an alternative to quaternions for visualization of the backwards reachable sets. The MRP vector,
σ = [σ1, σ2, σ3]T , is a stereographic projection of the set of unit quaternions (four-dimensional unit sphere) onto a
particular hyperplane [26]. The MRPs are given by,

σi =
qi

1 + q4
, i = 1, 2, 3. (25)

MRPs can also be expressed in terms of a principal rotation by,

σ = ê tan
α

4
, (26)
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(d) Ω = 6 deg/s

Fig. 4 Translational backwards T-reachable set slices at NMC initial relative velocity, at different chief rotation
rates; color bar indicates minimum time values corresponding to the contours.

where ê is the Euler axis of rotation, and α is the rotation angle. MRPs have a singularity at α = ±2π. Additionally, the
shadow MRP, σS , corresponding to the orientation given by −q (which is equivalent to the orientation given by q), is a
distinct set of parameters representing the same orientation. This characteristic allows to switch between σ and σS at
α = π (i.e orientations with α ≤ π are represented by σ, while orientations with α > π are represented by σS). As a
result, the norm of the MRP vector is bounded, 0 ≤ σTσ ≤ 1 [26].

By Eq. (26) it is evident that the MRP vector is related to the location of the Euler axis, while the norm (σTσ) is
related to the rotation angle. Each of the 1,000 test points has a corresponding σ (or σS depending on the rotation angle)
and minimum time solution associated with it, resulting in a three-dimensional volume. The MRP norm represents a
sphere of a particular radius, which is used as a slicing surface. Backwards reachable sets of relative attitudes can be
visualized by projecting minimum time contours in the MRP subspace onto a sphere of a particular radius (between
0 and 1). A point on this sphere represents the location of the Euler axis, while the size of the sphere represents the
rotation angle. This technique provides an intuitive visualization of a set of attitudes.

Figure 7 shows the minimum time contours for different values of the MRP norm, in the case of Ω = 0 deg/s. It can
be seen that as the sphere radius grows, representing larger rotations, the minimum time values indicated by the contours
grows which is an expected result; larger rotational maneuvers will take a longer time to complete. In Fig. 7(c) some
peaks become visible on the southern hemisphere, representing initial relative attitudes on the edge of the backwards

11



-10 -8 -6 -4 -2 0 2 4 6 8 10
-10

-8

-6

-4

-2

0

2

4

6

8

10

0 100 200 300 400 500 600 700 800 900 1000

Minimum Time (s)

(a) Ω = 0 deg/s

-10 -8 -6 -4 -2 0 2 4 6 8 10
-10

-8

-6

-4

-2

0

2

4

6

8

10

0 100 200 300 400 500 600 700 800 900 1000

Minimum Time (s)

(b) Ω = 2 deg/s

-10 -8 -6 -4 -2 0 2 4 6 8 10
-10

-8

-6

-4

-2

0

2

4

6

8

10

0 100 200 300 400 500 600 700 800 900 1000

Minimum Time (s)

(c) Ω = 4 deg/s

-10 -8 -6 -4 -2 0 2 4 6 8 10
-10

-8

-6

-4

-2

0

2

4

6

8

10

0 100 200 300 400 500 600 700 800 900 1000

Minimum Time (s)

(d) Ω = 6 deg/s

Fig. 5 Translational backwards T-reachable set slices at an initial relative position on theV-bar axis, at different
chief rotation rates; color bar indicates minimum time values corresponding to the contours.

reachable set for this case. It is evident that the projections are not fully populated, indicating that 1,000 test points is
not enough. More test cases would be necessary to get the full picture, but even this limited data set is enough to offer
some insight.

Figures 8 - 10 show the resulting minimum time contours as the chief rotation rate increases from Ω = 2 deg/s
to Ω = 6 deg/s. These figures show a similar trend of larger time values as the sphere radius grows. Additionally,
comparing to the time values seen in the zero chief rotation case, Fig. 7(c), as the chief rotation rate increases contours
of larger time values become visible. The overwhelming result seen in these figures is that 1,000 test points is not
enough to get a full picture. It may be more beneficial to use a more strategic selection of test points, instead of using a
randomized placement method.

Finally, the backwards reachability of the relative attitude dynamics is examined in the three-dimensional angular
velocity subspace. This subspace is defined by 1,000 test points with −30 deg/s ≤ (ωx, ωy, ωz ) ≤ 30 deg/s, at
an initial relative quaternion q = [0, 0, 0, 1]T ; the deputy is initially aligned with the chief. The minimum time
optimal control problem is again attempted for each of these test points, at chief rotation rates Ω = 0, 2, 4, and 6
degrees per second (total of 4,000 runs). To visualize these results slices are created along the ωx and ωy variables, at a
specified value of ωz . The resulting contours at ωz = 0 deg/s are shown in Fig. 11. Figures 12 and 13 show results for
ωz = −15 and 15 deg/s, respectively.
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(d) Ω = 6 deg/s

Fig. 6 Translational backwards T-reachable set slices at an initial relative position on theR-bar axis, at different
chief rotation rates; color bar indicates minimum time values corresponding to the contours.

An interesting characteristic that becomes evident in Fig. 11 - 13 is that around the origin, the contours grow
proportionally with time. This indicates that the behavior of the attitude dynamics around the origin is similar to that
of a linear system. In regions further away from the origin, where a linear approximation would not be accurate, the
contours show more complex behavior with multiple peaks. This linear region seems to be approximately contained
within ±0.2 rad/s. Comparing Fig. 11 - 13 reveals that the contours do not change very much at different levels of ωz .
Also, comparing the four subfigures within Fig. 11 - 13 shows that as the chief rotation rate increases the contours do
not change significantly. This behavior is likely due to the high maximum allowable torque, in relation to the deputy’s
relatively small inertia. It is worth noting, however, that the solver encountered more infeasible cases at the higher
rotation rates, as can be seen for example by the missing contours in Fig. 13(c) and 13(d).

The backwards reachability analysis of the relative attitude subsystem is more complex than the translational system
analysis. Reachability analysis of spacecraft reorientation maneuveres, in general, has not been seen in literature. This
is likely due to the complexity of the dynamics, as evidenced here. As a result, there is not an intuitive expectation of
what the results should present. The technique for visualization presented above, however, provides insight into the
capabilities of the system. It becomes overwhelmingly obvious that more data is needed to draw better conclusions
about this complex scenario.
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(a) σTσ = 0.3 (b) σTσ = 0.5

(c) σTσ = 0.7 (d) σTσ = 0.9

Fig. 7 Rotational backwards T-reachable set slices at zero initial relative angular velocity, atΩ = 0 deg/s; color
bar indicates minimum time values corresponding to the contours.

V. Conclusion
This paper presented a backwards reachability analysis for spacecraft rendezvous and docking maneuvers around a

tumbling object. The scenario included a chief spacecraft in a circular orbit, rotating on its orbit plane at a constant
rate. The relative roto-translational dynamics were derived from the tumbling chief’s perspective, first for the general
case, and simplified for the specific scenario. Instead of attempting to solve the reachability problem, an alternative
method was proposed to study reachability characteristics of this high dimensional system using a family of minimum
time optimal control solutions. It was shown that the boundary of a backwards reachable set can be visualized through
contours of minimum time solutions, on a user-defined subspace. Results presented the minimum time contour plots for
both translational and rotational states, and a variety of cases, representing initial conditions from which the specified
maneuver is feasible given control and time constraints. The translational subsystem results were fairly straight forward
to visualize, and showed expected behaviors. The rotational subsystem was more complex given the nonlinearity of
the dynamics, and dimensionality of the state-space. A technique was proposed for visualizing backwards reachable
sets of relative attitude using MRPs. Although this technique led to more intuitive visualization, more test points are
necessary to gain further insight. Finally, analyzing the reachability characteristics on the angular velocity subspace
provided valuable insight on the linear region of the state-space, where a linear approximation may be appropriate. The
contributions of this work included a backwards reachability analysis of the 6-DOF system, based on the proposed
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(a) σTσ = 0.3 (b) σTσ = 0.5

(c) σTσ = 0.7 (d) σTσ = 0.9

Fig. 8 Rotational backwards T-reachable set slices at zero initial relative angular velocity, atΩ = 2 deg/s; color
bar indicates minimum time values corresponding to the contours.

methodology using minimum time contours in lieu of solving the computationally intensive reachability problem, as
well as the visualization technique for attitude sets.
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