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Abstract

In this note, we investigate the delta sequence associated to the
classical Thue-Morse sequence and prove a conjecture about the delta
sequence. Further, we generalize the Thue-Morse sequence and show
some results about this new sequence and its associated delta sequence.

1 Motivation and Some Definitions

The Thue-Morse (TM) sequence T = (t)n>0 is defined as the limit of iter-
ates ¢"(0), where the map ¢ is defined by ¢(0) = 01, ¢(1) = 10. We denote
the 2™-length initial segment of the TM sequence by Ton». Furthermore, the

TM sequence can also be generated by:
T, = to = Oa
Tgn = TQn—lTQn—l, n 2 1.

or

Ty =1 =0,
Ton = Ton-17(Thn-1), for n odd.
Ton = Ton-17(THn-1), for n even,
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where 7(-) is the map that reverses the bits of the argument, and B is the
complement of B. Moreover, the TM sequence can also be generated by
using the bit expansion of the position, that is,

if i = b;2/, thent; = » b; (mod 2), (1)
J J

that is, 7' = (tp)n>0 counts the number of 1’s (mod 2) in the base-2 repre-
sentation of n. The first few terms of the Thue-Morse sequence are

T =011010011001011010010 - - -

z1 o x3 x4 | f
0 0 0 0 0
0 0 0 1 1
0 0 1 0 1
0 0 1 1 1
0 1 0 0 0
0 1 0 1 0
0 1 1 0 1
0 1 1 1 1
1 0 0 0 0
1 0 0 1 1
1 0 1 0 0
1 0 1 1 0
1 1 0 0 0
1 1 0 1 1
1 1 1 0 1
1 1 1 1 1

Table 1: Truth table of a Boolean function

Let 5 be the vector space of dimension n over the two element field Fs.
Let us denote the addition operator over Fo by &, and the direct product by
“”_ The vectors consisting of all 1, respectively, all 0 (of some length) are
denoted by 1, respectively, 0. By abuse of notation, when there is no danger
of confusion, we sometimes use 1,0 to denote a binary string consisting of
all 1, respectively, all 0. A Boolean function on n variables may be viewed
as a mapping from F3 into Fy. We order F3 lexicographically, and denote
vop = (0,...,0,0), vi = (0,...,0,1), von_; = (1,...,1,1). We interpret a
Boolean function f(x1,...,z,) as the output column of its truth table, i.e.,
a binary string of length 2", f = [f(vo), f(v1),f(v2),..., f(ven_1)]. In
Table 1 we present the truth table of a 4-variable Boolean function.

The novelty of our work consists of the Boolean functions approach on
the TM sequence, which enables us to resolve several questions on the TM
sequence. We do not claim that some of our results cannot be obtained by
working with the sequence directly, however our approach is elegant and
brings into play the powerful tool of Boolean functions.



2 Delta sequence of the TM-sequence

We define

S={A=0,0,1,1; A=1,1,0,0; B=0,1,0,1; B =1,0,1,0; @)
C=0,1,1,0; C =1,0,0,1; D =0,0,0,0;D =1,1,1,1}.

Our Theorem 1 will give an alternate definition for the TM sequence, and it
can be deduced from the generation algorithm (1) and the following lemma.

Lemma 2.1. (Folklore Lemma [8, Lemma 3.7.2]) Any affine function f =
[t1,...,tan] on n variables, n > 2, is a linear string of length 2" made up of
4-bit blocks I, . .., Iyn—2 given as follows:

1. The first block I, is one of A,B,C,D,A,B,C or D.
2. The second block I is I or I.

3. The next two blocks Is, I are Iy, Iy or I, I.

n—1. The 23 blocks Ion-3,q,....Ign—2 are I,..., Iyn-s or I, ... Iyns.

Theorem 1. The initial segment of length 2™, n > 2, of the TM sequence
is the truth table of the Boolean function

f(l'bx% E) :En) = 21PT2®D - - - Dy,

defined on F§ (ordered lexicographically).

Proof. By the Folklore Lemma it is easy to see that 1 ®---®x, = CC-- -,
which is exactly the initial segment of length 2™ of the TM sequence. O

In [4] the following delta-j sequence (we will call it delta sequence, if j is
understood from the context) is associated to the TM sequence: For j > 1,
we define '

51(]) =t;Btli1 ;.

Various results were proved in [4] by working with the delta-sequence, in
particular it was proved that 7" has the nonoverlap property (also known as
the BBb property), that is, the subsequence BBb, where B is a block of bits
of any > 0 length, and b is the first bit of B, does not appear in the TM



sequence. The nonoverlap property was originally proved by Thue in his
seminal papers from 1906 and 1912 [9, 10]. The result has been rediscovered
in [6] and other places (see [2, 3] for surveys of results on the TM sequence).

It is interesting to note that, independently, in [1], a different approach
was taken, which arrives to the same delta sequence. Kimberling proposed
a problem in American Mathematical Monthly on the sequence ¢ = (¢ )k
defined by

o farrifernade
0 r Tk ¢, + 2 otherwise.

Later, Plouffe and Zimmermann [7] proposed the following problem (which
was found by a method that goes back to Euler):

>t = o TT0+a)

k>0 j>1

where c is the sequence of Kimberling and e = (e;); is defined by

2ej +1if jiseven
er=1; ejp1 = A
2ej —1if jis odd.

The conjecture was proven in [1] by a method that uses the ever-present TM
sequence. Furthermore, if one defines the characteristic function of c,

X(k)_{lifk:Ec

0 otherwise,
then one can show [1, Lemma 3| that

X (k) = ti®ty_1,

that is, x(k) is the same as the delta-1 sequence 6,(417)1.

Fredricksen, in [4], proved that 61531) is 1 if and only if k+1 = (1 +2¢)2%,
for some integers ¢, j, and Proposition 1 and Lemma 1 of [1] state similar
results about x(k). Fredricksen proved that 5,(42) is the dilated by 2 sequence
of 519)7 and observed that 51(:1) is the dilated by 4 sequence of 5,(61). For
example, 61" = 101110... . and 6°) = 110011111100 . ., that is, 5.”) contains
twice every bit of 5](:).

Consequently, he proposed a conjecture, which we prove in our main
result of this section.



Theorem 2. The delta sequence 6% is the dilated by two sequence of the
delta sequence 51,

Proof. To prove the claim it is sufficient (and necessary) to show that

57 = 0y = 67, (3

Let f denote the linear function in Theorem 1 for some fixed n. It is sufficient
to show

f(v2)®f(vaire)) = f(Vair1)Df (Vairzj1) = f(Vi)Df (Vies),  (4)

for this function, since then (3) follows for all i and j by letting n tend to
infinity. Observe that vopy1 = voy@®uy (there is no carry). Since f is linear,
we obtain

J(v2ip1)®f (Vairajs1)

= f(voi®v1)®[f(Vaitr2;BV1)

= f(va))®f (v1)®f (Vait25) D f (V1)

= f(vai))®f (vaita;)-
We are left with checking that f(va;)® f(vaire;) = f(vi)®f(Vit;). We prove
the latest claim, by showing that

f(vae) = f(ve), (5)

for any ¢, in particular, for £ = i, and ¢ = i + j. Equation (5) follows from
the observation that vy, is obtained from v, by moving the leftmost 0 bit
to the rightmost location of the string. That is, the Hamming weight of
vy is the same as the Hamming weight of vy, which implies, again using
Theorem 1 that f(vey) = f(vy). The theorem is proved. O

See the remark after Theorem 4 for an alternative approach to infer the
truth of Theorem 1.

3 Generalized Thue-Morse sequences

Let € := €1€e2- -+ be a sequence of ¢; € {0,1} bits (possibly infinite). Define
a function 7, on arbitrary bit-blocks B, in the following way:

Bif e =
ro(B) = {B aoy )

5



We introduce the generalized Thue-Morse sequence T¢ = (t5,)n>0 (we call
it the e-TM sequence) by the following algorithm (77, is the binary string
made up of the first 2¢ bits of T°¢):

Tf =1 € {0,1}

7
T, = T v (T ) "

The classical Thue-Morse sequence is T, where € = 11 - - -.

Theorem 3. Given an initial segment Ton of length 2™ of a generalized
Thue-Morse sequence, there exists an affine Boolean function f (if to = 0,
then f is linear) on n variables, such that Ton is the truth table of f.

Proof. First, assume ty9 = 0. Then the choices e1eo = 01,10,11,00 give,
respectively, the initial segments A, B, C, D of length 4. Now by the Folklore
Lemma the resulting generalized Thue-Morse sequences all have their initial
segments Ton given by the corresponding initial segments of some linear
function. If ¢y = 1, then the same argument leads to an affine function f
with f(0) = 1. O

We call such a sequence T5» as in Theorem 3, the TM-sequence associated
to f, and the Boolean function f —sometimes, labeled fr —is the companion
of Tgn .

Define the delta-(e, j) sequence associated to T, in the same way as
before, that is,

o1 = tsets, ;.

Let € := €1€9 - - - be an infinite bit string.

Theorem 4. The delta sequence §(“%9) satisfies

oy = 652, (8)

for any i,j. In general, if f(x1,...,xn) = z;,® - Dx;,, then the delta
sequence associated to f satisfies

51-(6’j) =1 if and only if wt(m;, .4, (v;))Bwt(mi,, 4 (Vigj)) =1, Vi, j

where m;, . ;. (V) is the length-k projection on the coordinates i1,..., i of
the vector v.



Proof. Without loss of generality we may assume that t5 = 1. Suppose that
fr(zi,...,2n) = 23, - - - Bz, is the companion of the initial segment Thn
of §(%9). To prove (8) it suffices to show

Jr(v2:)® fr(vaiz2;) = fr(v2it1)® fr(vaitaj+1), 9)

Since fr is linear, this follows by the argument used in the proof of Theo-
rem 2. To prove (9), we use the facts that

5§67j) = 1if and only if fr(v;)® fr(vit;) =1
(from Theorem 3) and

fr(vi) = wi(mi, i (vi))  (mod 2)
(from the form of the linear function fr). O

An alternative approach, suggested by one reader of the paper is to
observe that tg, = t, (mod 2), and t9,+1 =1+ ¢, (mod 2), and so,

5;] = laitilogo; =i+l = (53 (mod 2),
535’4—1 = toip1 +Ftoiroii = (L 4+1) + (14 tigy)
= ti+tiy; =0] (mod 2).

A further analysis of the binary expansion of n, say n = ) ,.,exr(n)2",
implies
tr, =to + Z ex(n)egr1  (mod 2),
k>0

(using induction on N that the relation is true for all n € [0,2"), using
some properties of the Thue-Morse sequence). Now, for £ > 1, we have
ex(2n) = ex(2n + 1)(= ex—1(n)), eo(2n) = 0 and ep(2n + 1) = 1. We can
now get 5;’% ) = 5%?1)

Next, we shall investigate the nonoverlap property of the generalized
Thue-Morse sequence, and prove our main result of this section.

Theorem 5. The e-TM sequence satisfies the nonoverlap property if and
only if e = 1.



Proof. If the sequence € is not identically 1, it contains a 0, hence either the
block 00 or one of the blocks 011 or 010. It thus suffices to show that, if the
sequence € contains one of the blocks 00, 011, 010, then the corresponding e-
TM sequence contains an overlap. For easy writing, we denote by B; := T7;,
i > 0 (obviously, By = {to}). We distinguish the following cases.

Case (i) If ¢, = 0 and €41 = 0, for some ¢ > 1, then

Biy1 = Bire,,(B;) = B;B;
= Bi_17r¢,(Bi—1)Bi_1r¢;(Bi-1)
= B;1B;1B; 1B 1,
which contains the cube B;_1B;_1B;_1, hence an overlap.
Case (ii) If ¢, =0, ;41 = 1, and €40 = 1, for some ¢ > 1, then
Bits = Bit1Bit1 = B;B; B;B;
= Bi 1B, 1B; 1B; 1B;_1B; 1B; 1B; 1,

which contains the cube B;_1 B;_1 Bi_1, hence an overlap.

Case (i1i) If ¢, = 0, €41 = 1, and €;42 = 0, for some ¢ > 1, the next bit
is either €;13 = 0 and then (i) shows that there is an overlap in B3, or
€i+3 = 1, in which case

Bits = Bit2Biy2 = Biy1Bi1Biy1 Biy1

B;B;B;B; B;B;B;B;

= B;_1Bi-1Bi-1Bi-1Bi-1Bi-1B,_1 Bi_1
B;_1B;_1B;-1B;_1B;_1 Bi_1B;_1B;_4

which contains the cube B;_1 B;_1 B;_1, hence an overlap.
The theorem is proved. O

It would be an interesting problem to investigate what patterns are
avoided in the e-TM sequence.
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