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A;rhn~.~~h J?irich!i.t coniiiiienr fc: the m.ve e ~ ~ z r i o n  2 &?.si~sl ~ 3 s  i',i..ii--A&P03ed ~ - - ~ - -  

problem in partial rlifkrential equations, there has been recent interest in stijil~i~lg those 
conditions under which the problem is well-posed, This q~aestion is of app!ied interest 
jv. Barcilon, Mathematika 15 (1968), 93) as well as theoretical interest (-4. I. Abdul- 
ia t i f  and 1. B. Zliaz, Appi. Anai. 1 (i97ij, ij. In this paper the onset of nonuniqueness is 
studied by considering a big!-.er or& equation with a small paraiileier e in the limii 6 + 0. 
The method is quite similar to the method of small viscosity used to study the onset of 
shock waves. 

A classical "non-well-posed" problem is the wave eqaa t i~n  with aPirich!et 
conditions. However in the past 30 years there has been revived interest in 
conditions under wELirh the preblem is we!l posed [I-81. The original paper 
rl] of Rourgiri and Duffin was co~?cemed with the wave eq?xat,ion i~ a mct- 
angle9 5 ;; 5 S1 0 5 i 5 ';", arid the basic ihenrernwm 

THEOREM 1 Let u(x, t )  be a G 2  soiution of the warte equation uxx - u,, = O 
n ~ e c t m g l e  0 5 x S,  O 5 t T, with zerv" E o u n d ~ y  datil. Then u - O 
iff SIT id irrational. 
This result has been extended by many people with essentially the same 
hypotheses and essentially the same conclusion. John [2] analyzed mon- 
rect~uguidr Gomains and showed that they can be mapped uniquely into a 
rectaog!e with either rationd or irrational sides. Extensions have been mzde 
to Neumann conditions and conditions of the third kind 11: 2? 6,7!. Ex- 
tensions have heen made tc? higher dimensions and the E-P-23 eqiiation 
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with the rectangle 0 5 x 5 3, O 5 t 5 T wiih the boundary coiiditions on 
the boundary ST 

where ii2z/iln2 is the second norma! derivative and f and g are given functions. 
A singular perturbation approach is not n~eaningful because the B = 0 case 
of (2) with (3) is not clearly defined, in contrast to (1). Instead we have 
chosen a model problem which can be solved expiicitly in terms of Fourier 
series. ,Tiie degeneraiion of the series soiuiion as 8 should then shed 
some light on the desired problem. 

It is clearly necessary and su6cient to consider two cases of boundary 
conditions 



WAVE EQUATION 

Case 1 

,-. - Case L 

We consider first Case 2, and separate variables, with the hypothesis that 
-- - f and g have convergent Fourier sine series expansions, iii/riting U(x: f) = 

. - X(\xj-K(i) we obtain, since the conditions in the t direction are homogcmxxs9 

+ B, sin 1 / [ 1 -  l/(i - 823L,)'Jx/8 (6) 
where 

I$, = [c/(h)n/T] .J[1 + ( n 2 n z 8 2 / 2 ~ 2 ) ] ,  iz = 1,2, . . . .. (7) 

From the form (6) it is clear that there is a cut off at A, = &-I, where the 
arguments become complex and then (6) shodd be replaced b; 

X(x) = A, sin a rzx/& cosh 6rzxlb (8) 

where 
+Bn GOS a nxjd sinb 6nxlB 

Presuming that we can solve for A, and B,, which we will try to do shortly, 
it is clear that for low values of A, the x behavior is charaeterized by a high 
freqi~enq ( N  4121 \ /  x/&? , term 2nd 2 !ow frerj~~ency (,-- .:in x/T) ',?term, :ii!e for 
very large values of n both x terms are characterized by oscillatory, strong 
exponcntials. The changeover is at A, = 8-' or 
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(The special case of (63 or (8)  hen i.8, = 1 is a trivial matter and we do not 
consider it any further.j 

Is it possible to solve for A, and a,? Let JC, and ,n, be the coeffkierits of 
the Fmrier sine e x p n s i o x  off(t) m d  g(:) respectively. Then? for 8.7, < I 
Wp 

From an inspzcfion of (1 1) and ji2j we may conc!:lie that 

LEMMA 1. For 82, < 1 we may uniquely solve for A,, and 6r, in (6 )  provided 

U(X, t) zi x f , ,  sin nnt/Tsin n.nx/S+ 0(Lf2) (I 4j  

The terms 0 ( g 2 )  consist of two highly oscillatory terms involving both f,; 
and g, pius a siow correction involving g,. 

For 64 > i it is an elementary exercise to see &at ir. is always possible 
t~ d e t e r ~ i n e  A, and B,. I t  is easy to show that 

&at the h i ~ l i  a- Beqii.ency portion of :he 5ol.li:ic;n cssentia!!:; var;ishes except 
near the right hand boundary. 

What is the nature of the restriction (131, which is the analogce of the 
irrationality criterion? Using the definition (7) for A:, it is easy to reduce 
(13) to the problem-is there a solution in square integers (12" pp")f 

Since the left side has the character of a parabola opening upwards and the 
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right side has the character of a parabola opening downward, it is clear that 

+ I?, sir, I / [ d ( k ,  + I )  - ?]:,/b 
where 

k, = ( 2 & % ' ~ ' / 5 ~ )  - (n4714&4/S4) (18) 
I t  is dear that there are two cutoffvaiues nrn:  one where k, hecomes negative 
and one where k ,  becomes less than - 1, and that the form of (1 7) is indicative 
of the case for small iz and/or 8. W e  claim that we h ive  

LEMMA 3 For (3 < nn&!S < 2 Fq. (18) de.rcribe:? the ! d~~nr;ua&acz~ 4 i ! e  
j& 2 < nnB/S < I + %/2 we have 

andfor 1 -t 4 2  < ~zn&/S tile i dependence is exactly as in (81, wirh x and T 
r~plnced by t and S respectiuely, 

We again ask for the soivablhty of the boundary value problem. For small 
n, below tEc first cutoff we have 

Y 
I hus we have 

LEMMA 4 The coefjcient Cn of the hyperboiic term in (13) can always be 
- "  - fCund x;,&iie the coLjs$cient a, o;JC f/;e triggiiomeiriC i ~ ~ i ~ ~  iti (17) C ~ T L  jou& i j^ 



. . . I  --- L -  -.c a9f 921. ---"*-  wLicrc i l l ~  L G L M ~  "I v\G I t ,"A3t of a boundary ! ~ y e ~  tern: due tc Cn 2nd a 
slowly osciiiatory correction from il,3. As expected the boundary layer occms 
near t = T, where the data is given. Above the cutoff frequency we jiave 
behavior similar to the previous case. 

KT d e  sunimarize our resuits in the foilowing 
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